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I. INTRODUCTION

Most molecules are optically anisotropic because, in general, their polariza-
bility is different in various directions. If, however, the molecules in an aggregate
are completely randomly distributed, then the aggregate behaves as an isotropic
medium. Any orientation, whether it is caused by artificial means or exists
naturally, leads to anisotropy and thus gives rise to double refraction.

Orientation in liquids may be brought about by the application of electrical
or magnetic fields, by the influence of acoustic waves, or by a hydrodynamic
field. These influences give rise, respectively, to electric double refraction (Kerr
effect), magnetic double refraction (Cotton—-Mouton and Majorana effects),
acoustic double refraction (Lucas effect), and dynamic or streaming double
refraction (87) (Maxwell effect). Also included as an orientation effect is Wiener
(162) or form (shape) double refraction (36, 37). This occurs in systems known
as “‘Stébechenmischkérper” and “Schichtenmischkérper,” which give rise to
positive and negative double refraction, respectively. The first system consists
of a number of parallel isotropic rods, each small compared with the wavelength
of light, immersed in a medium of refractive index different from that of the
rods; the double refraction is often called “Stidbchendoppelbrechung.” In the
other system the rods are replaced by laminae and the double refraction is called
“Schichtendoppelbrechung.” In some cases, particularly in macromolecular
solutions, orientation of the solvent molecules by the solute molecules may occur
and this is another cause of double refraction. The phenomenon is called adsorp-
tion double refraction (157). Another type of double refraction is strain or
deformation double refraction (photoelastic effect), which results from the
action of an external force on a solid system and with which small deformations
or internal displacements are associated. Several investigators have published
reviews dealing with certain aspects of streaming double refraction. Boehm (4)
gave many details about the apparatus, Edsall (30, 31) presented a general
review up to 1942, Kanamaru and Tanaka (53) discussed some theoretical as-
pects, and Cerf and Scheraga (13) reviewed the results for macromolecular
solutions. Peterlin and Stuart (106, 107) considered the general problem of
artificial double refraction, including a discussion of streaming double refraction,
and general articles have been written by Signer (131) and Eirich (34).

The purpose of this review is to present the theories given for the phenomenon.
The period covered is from the date (1874) of the first theory up to the present
day, although as far as the early theories are concerned, attention is given only
to those parts which have provided a basis for, or are included in, modern theories.

II. NoTaTION

The principal meanings of the symbols employed in this review are defined as
follows:

Ai= ai(1 4 Loc;) with s = & 0, 5 B = 8'(1 + Lyx,),
An, A, Ay = average length of an uncharged, charged, and branched statistical
chain element, respectively,
B = shape resistance of a flexible molecule,

C = resistance to rotation of a molecule (= kT/D),
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diffusion constant and apparent diffusion constant,
electric vector of external field with components E.,
electric vector of internal field,

distribution function,

velocity gradient,

functions of polarizability (Sadron’s theory),
moment of inertia of particle,

imaginary part of optical factor II,

functions of polarizability (Sadron’s theory),
funetions of polarizability (Sadron’s theory),
hydrodynamic length of chain molecule,
anisotropy factors (shape),

anisotropy factors (field),

3Ly/4r; Ly = 3Ly/4r,

average value of dipole moment (j, k = 1, 2, 3),
molecular weight

molecular weight of monomer unit

Maxwell constant (= An/nyG for liquids; = An/nm.Ge for
solutions),
. An
specific Maxwell constant | = ,
N Mo Gc G0

molar Maxwell constant,

number of particles per unit volume (polydisperse system),
Avogadro’s number,

number of statistical chain elements per molecule,

number of molecules per unit volume,

number of particles per unit volume (monodisperse system),

= polarization, polarization due to solvent, and polarization due to

particles,

molar polarization,

gas constant per mole,

real part of optical factor,

frictional forces,

reduction factor (figure 15),

deformation forces along axis of flexible molecule,

(hu — ho)/kT,

absolute temperature,

particle volume (for revolution ellipsoids = drayas’/3),

elasticity coefficient,

degree of polymerization,

radius of spherical particle,

semi-major axis of ellipsoid,

semi-minor axis of ellipsoid,

(a — @)/(a’ + a®) for ellipsoid; hydrodynamic length of
monomer for chain molecules,

volume concentration (= N,V)
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weight concentration (= MN, /N, = Mc¢/N V),

length of light path,

average thickness of statistical chain elements,

eccentricity factors,

orientation factor,

polarizability of ellipsoidal particle referred to external field,

distance between ends of an uncharged chain molecule; potential
energy,

mean square end-to-end distance of a chain molecule in a solution
when flowing, and when stationary,

Boltzmann’s constant,

eccentricity factors,

e —1)/(e+2),

dipole moment; real refractive index of particle,

real refractive index of solution,

refractive index of solvent,

principal refractive indices of flowing solution along Oz, Oy, Oz,

polarization/internal field (= P,/E;),

tensor elements of Zp (¢, 7 = 1, 2, 3); average moment/external
field (= M/E),

number of monodisperse systems in a polydisperse system,

axial ratio,

components of stress tensor (¢, 7 = 1, 2, 3),

number of monomers in a statistical chain element,

time,

components of particle velocity along O1, 02, 03,

delay potential /kT,

number of monomer groups in a branch,

polarizabilities of ellipsoid; & 8 = mean values of « and 8,

relative polarizabilities of ellipsoid; &, 8’ = mean values of
o’ and g,

induced moment due to unit field (¢, j = 1, 2, 3),

mean polarizabilities of chain molecule,

shape fluctuation (5,2 = kT/2VY),

dielectric constant of solution, and of solvent,

degree of branching of macromolecule,

dynamic viscosity coeflicient of solution, of solvent,

internal viscosity coefficient of molecule,

intrinsic viscosity or limiting viscosity number,

orientation angle,

intrinsic anisotropy; §; = form anisotropy,

absorption index (j = z, y, 2),

wavelength,

frictional factor of molecule, of chain element,

complex refractive index of particle,



THEORIES OF STREAMING DOUBLE REFRACTION 349

u; = complex refractive index of solution (j = z, y, 2),
p = density,
¢ = gradient/diffusion constant { = G/D),
T, T, Ta = relaxation time, orientation relaxation time, and deformation
relaxation time,
macroconstellation changing time,

s‘
I

¢ = orientation angle,

x = extinction angle,

»x = relative optical susceptibility (= P;/eE; = N,p),

¥ =x — 90°
w, w, = angular velocity of particle due to flow and due to repulsion,
(0) = 7/4 — x,

[w] = [(«)/nG]e=0

A = phase difference,

A= (nd — 1)(nd + 2),

0O = angle between directions of preferred orientation,
A = Ny(«'Lg + 28'Ly)/3,

E = o 4 68'; function of molecular constants in Raman and Krishnan

theory,

II = optical factor,

® = (a'Ly — B'Ly),

¥ = (a - §)

dQ = sin 8 df d¢ (solid angle)
An = birefringence (= n, — n,),

én = eigen double refraction,

én’ = birefringence in molecule induced by stress,

tan (x@)o = (—%

Oz, Oy, Oz = directions of principal refractive indices,
01, 02, O3 = general codrdinate system of reference,
0¢, Og, Ot = directions of particle axes.

I1I. DEFINITIONS OF EXTINCTION ANGLE AND FLow BIREFRINGENCE

Streaming double refraction occurs in pure liquids and Newtonian solutions
at high rates of shear; it is most marked in non-Newtonian solutions containing
asymmetrical molecules. The most satisfactory apparatus for its measurement is
one in which the liquid is subjected to shear between two concentric cylinders,
one of which rotates while the other is stationary (32, 33, 50). By this means a
uniform velocity gradient may be produced across the annular gap. If the
annular gap is viewed between crossed polarizing devices, so that the light travels
parallel to the axes of the cylinders and is thus perpendicular both to the stream-
lines and to the velocity gradient, the field will appear dark when both cylinders
are at rest. When one cylinder rotates shear forces arise, which cause the liquid
to become optically biaxial, so that three different principal axes Oz, Oy, Oz,
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Fie. 1. View of the doubly refracting medium in the annular gap between concentric
cylinders. ¥, angle of isocline; x, extinction angle.

defining the extinction directions in the liquid, exist, together with three principal
refractive indices n,, ny, and n,. One of these axes, say Oz, coincides with the
directions of the common axis of the cylinders and the other two, mutually
perpendicular, lie in a plane perpendicular to this direction (51). The field of
view now appears bright everywhere except for four regions equispaced around
the gap corresponding to the directions Oz and Oy; they form the arms of a cross
called the cross of isocline (figure 1). The position of the cross is specified by the
“extinction angle” x, which is defined as the smaller of the two angles between
the vibration planes of the crossed polarizing devices and the arm of the cross.
According to this definition x lies always between 45° and 0°.

When linearly polarized light is passed through a length d of the doubly re-
fracting liquid it is, in general, resolved into two linearly polarized components,
one vibrating along Oz and the other along Oy. These emerge with a phase
difference A (in radians) given by A = 2xdAn/), where An is the flow bire-
fringence of the liquid given by An = n, — n, and X is the wavelength ¢n vacuo.
d is measured in the same units as A. It is customary to designate a liquid as
being optically positive or negative according to whether An is positive or
negative.

IV. Earry TuErorigs (1873-1927)

The first published observations on flow birefringence were made in 1873,
when Mach (85) observed double refraction in extremely viscous substances,
such as strong metaphosphoric acid and Canada balsam, when poured into a
beaker. The same method gave no results with less viscous liquids. In 1874
Maxwell (87) described a concentric cylinder apparatus used by him in 1866
in which flow birefringence could more easily be produced; his experiments were
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made on Canada balsam. In 1880 Quincke (113) described the existence of
double refraction in unnamed liquids in the neighborhood of an immersed heated
wire. The first real attempts to get quantitative measurements and to advance a
theory were made by Kundt (81), who used an apparatus which was an improve-
ment on Maxwell’s. The double refraction was measured by observation of the
movement of an interference band produced in a spectrum by a gypsum plate.

Kundt based his theory on the work of Stokes (135) dealing with incom-
pressible liquids. According to Kundt each element of volume of a liquid in flow
in the annular gap between two concentric cylinders is subjected to tensile and
compressive stresses acting along two directions which are mutually perpen-
dicular and inclined at 45° to the lines of flow. These stresses are each pro-
portional to G, where 7 is the dynamic viscosity coefficient and G is the velocity
gradient. Kundt assumed that these stresses produced double refraction in
the liquid as in a solid and of magnitude proportional to the stress. The optic
axes of the birefringent liquid were assumed to coincide with the directions of
the stress. Thus the double refraction should be proportional to G and for all
liquids the extinction angle x should be 45°; any departure from this value was
considered an anomaly and unexplainable. Several such cases were found. Kundt
also introduced Maxwell’s concept of fugitive elasticity (88) and relaxation
time 7 in a liquid and finally expressed the birefringence An as K+G, where K
is a constant not considered in detail.

De Metz (89) and Umlauf (156) carried out a further set of experiments
using an identical apparatus but measured the double refraction by a Babinet
compensator; their results were similar to those of Kundt, but in addition they
found that the double refraction decreased, although not directly, with tempera-
ture rise. They adopted Kundt’s theory and concluded that viscosity was not
primarily sufficient to determine the occurrence of double refraction and that
the latter occurs only in oils or colloids. These deductions were supported by
Almy (1), who found no trace of double refraction in water, and by Hill (47),
who studied gum arabic in water. The theory was discussed by Havelock (44).

In 1901 Natanson (92) attempted to improve Kundt’s theory and to in-
vestigate the significance of the constant K. He found that

K = TIr?/(r® + 40272

where II is an undefined optical factor, v is the linear velocity at any point distant
r, from the center, and = and G are as previously defined. Other attempts made
by Zaremba (167) yielded a similar equation,

The apparently anomalous departure of x from 45° was first considered by
Schwedoff (126) who, after considering and rejecting the possibility that the
optic axes do not always coincide with the axes of stress, decided that these
latter axes do not always lie at 45° to the direction of flow. He derived an equation
for x in terms of a quantity proportional to the fugitive elasticity of the liquid.
Later Natanson (93), assuming as in 1901 that the stress caused the double
refraction, used the ideas given by Schwedoff to obtain the equation cot 2x =
=+ r@. Experimental results obtained by Zakrzewski (165, 166) were considered



352 H. G. JERRARD

to confirm this equation and used to find values for =; they were of the order of
107° sec. for colloids. Zocher (170) gave an alternative to the theory of Kundt
by introducing the possibility that the double refraction was a result of orienta-
tion of particles which were asymmetrical with respect to shape as well as aniso-
tropic with respect to optical properties. This idea was further developed by
Grafhi (41). On this hypothesis a particle subjected to laminar flow in the annular
space between concentric cylinders will be orientated along the streamlines,
because in any other position it will lie with its ends in layers of different ve-
locities, which exert an orientating couple upon it. If the optic axis of the particle
coincides with the direction of largest asymmetry, then, as can be seen from figure
1, values of x of zero would be the rule; departures would be anomalous. This
result was directly opposed to Kundt’s prediction. One possible explanation of
values of x different from zero was one analogous to that considered, and re-
jected, by Schwedoff: namely, that the optic axis and the longest axis of geo-
metrical asymmetry did not necessarily coincide. However, this simple ex-
planation could not be sustained. For example, experiments with vanadium
pentoxide, for which from other data it is known that the optical and geometrical
axes do coincide, give values of x varying from 0° to 45° according to the age
of the preparation. Two other explanations were put forward by Zocher, the first
being that possibly impulses due to Brownian motion might change the direction
of the particles so that they did not lie along the flow lines, and the second that
the particles were flexible. The first of Zocher’s assumptions was later rejected
(171). The second idea was developed by Pontremoli (109) but was| subjected
to doubt by the experiments of Vorlander (158-161), who found double re-
fraction in noncolloidal liquids known not to be flexible. Pontremoli later tried
unsuceessfully to combine the two ideas of orientation of anisotropic particles
and deformation (110).

At this stage then there were two different conceptions for a theory of stream-
ing double refraction: in one it was considered that the birefringence in a moving
liquid could be calculated from that found in the same liquid at rest, but subject
to tensions and compressions, and in the other it was decided that the resultant
movement of particles in flow must be considered. The first had been treated in
some detail; the latter had not been investigated. In addition, a distinction
between rigid and flexible particles was visualized.

Theory of Raman and Krishnan

In 1928 Raman and Krishnan (114), after considering the experimental re-
sults of Vorlander and Walter (158), put forward a theory of orientation double
refraction for liquids along the lines used by Langevin (82) and Born (5) to
explain electric and magnetic double refraction. They assumed the liquid to
consist of, or contain, highly asymmetric particles which were optically aniso-
tropic. Then, starting as did Kundt, they considered the effect on the liquid of
the tensile and compressive forces postulated by Stokes, but whereas Kundt
supposed that the forees produced double refraction by strain, Raman and
Krishnan assumed that these forces orientated the asymmetric molecules with
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r4

F16. 2. Parameters for theory of Raman and Krishnan. (a) Position of codrdinate system
of reference with respect to any point O in the annular gap: Oz and Oy correspond to direc-
tions of compression and tension, respectively. (b) Position of axes Of, On, and O¢ of a
molecule referred to axes Oz, Oy, Oz. OH is the line of intersection of the &, plane with the
xz plane; 6, ¢, and ¢ are the Eulerian angles.

The cosines of the angles between the axes are:

x y [
¢ Y11= —cos g cos ¢ sin ¢ —singpcos ¢ | iz =singsin ¢ 18 = —cos g sin ¢ sin ¢ 4 cos ¢ cos ¢
7 ~21 = €os § CoS ¢ cos ¢ —sin ¢ sin ¢ v = —singcos ¢ | vz = cos g sin ¢ cos ¢ - cos ¢ sin ¢
¢ | v = sin g cos ¢ Ya2 = CO8 ¢ va = 8in g sin ¢

the largest molecular dimension along the direction of tension. This orientative
tendency was opposed by thermal agitation, so that the resultant orientation
was one of statistical equilibrium and the double refraction a result of this.
The details of the mathematical treatment are as follows:

Consider the molecules to be rigid ellipsoids of revolution of axes 2a;, 2a,,
2a;. To define the orientation of the molecules consider a reference system of
axes Oz, Oy, Oz situated as in figure 2(a); let the position of the axes of a typical
molecule be as in figure 2(b).

According to Stokes, the tensile and compressive forces are each proportional
to 7G per unit area, where n and G have their previous meanings. If there are
N, molecules per unit volume, the potential energy per molecule (%) is given by
h = KuG/N,, where K is a constant dependent on the orientation of the molecule
with respect to the axes Oz, Oy, Oz of stress. Raman and Krishnan find that,
owing to the tensile forces only,

K = — (biy12? + bavas? + bavsa?)

where 12, v2, and vs: are as given in the caption to figure 2 and by, by, and b;
are constants determined by the geometric form of the molecule. By the applica-
tion of Boltzmann’s theorem, the average potential energies A and %, per molecule
when the molecules are orientated by flow, and randomly orientated, respec-
tively, are found. The decrease in potential energy per unit volume, i.e.,
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(ho — R)N, is then given by

(Fot N = oz [0 = B35+ (b = b2 (bs — OO/, ®
This is the work done in orientating the molecules.

An electric moment will be induced in a molecule when the field due to a light-
wave is incident on it. For a unit field acting along the £ axis let cu1, an, a3 be
the induced moments along the £ 75, and ¢ axes, respectively; similarly, let
ag, an, as and ag, o, as be the corresponding induced moments for unit field
acting along the 5 and ¢ axes, respectively. When the field E of the incident
light-wave lies along the Oz axis, a molecule will acquire an induced moment
whose component in this direction is m., where m. = «,E. Here «, is the po-
larizability in this direction and is a function of «;; and v;; (¢, 7 = 1, 2, 3).

The polarizability &,, averaged over all the molecules, is given by

an -+ an + ax | 280G
o T Qe T s 2
3 + A (2a)

s =
where

1
E = R [(b1 — ba)lan — aaz) + (bs — bs)lazs — ass) + (bs — br){ass — om)] (2b)
Similarly, if the electric vector lies along the Oy axis, the average polarizability,
&y, is given by
om - oz oy _E_fl_q

3 N, (2¢)

Qy =

so that
& — ay = 3ZnG/N, (3)

The same effect is produced by the compressive forces, so that for both forces
acting together

& — ay = 62yG/N, )

~ The connection between refractive index n and mean polarizability &, [(en +
4+ ag + a33)/3], is taken to be

n—1 A4r
g =73 N,a (5)
so that if n, and n, are the refractive indices along the directions Oz and Oy,
respectively, then

(2 = 1)(n2 + 2) EnG

n ahN, ©)

AR = 0y — fy =

In order to express E in terms of the optical constants and axial lengths of the
molecule, the effective expansion per unit length of the aggregate along Oz due
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to orientation may be calculated; this multiplied by the force along Oz gives
another expression for the work done per unit volume due to orientation. This is

1 (b1 — ba)(ar — ag) + (bs — by)(as — as) + (bs — b){as — an) 7'G* @

15T ay + az + as N,

The solution of the equation resulting when equations 1 and 7 are equated is
bi—by ba—bs by —bi 3

o —ay ar—a; as—a 204+ 0+ as) ®
Thus from equations 2b, 6, and 8,
Aan n? — D(n*+2) |:(a1 — ag){an — amn) 1+ (a2 — as)las — o) 1+ (a5 — a1){owm — au):{
e 100N kT (a1 + a2 -+ as)lom + a2 + o)
= [M] @

where [M] is a constant called the Maxwell constant for a liquid. The principal
deductions from this theory are as follows: (1) The angle of extinction x equals
45° for all gradients. (2) If @y > a2 > as, then An is positive or negative ac-
cording to whether a1 > am > ags or oy < ase < ass, respectively. (3) An is
directly proportional to 4 and to G. The primary effect of temperature rise will
be to lower 5 and hence An. (4) An is greater the greater the asymmetry of the
molecule and increases with increasing optical anisotropy and with increasing
refractive index. () Since n depends on wavelength, dispersion of double re-
fraction should occur.

Although the experimental evidence supported conclusions 2 to 5 and for pure
liquids deduection 1 is true, the first conclusion was incompatible with the data
on colloids because the reasoning given above should apply to colloids as well
as to pure liquids. No advantage is obtained by considering the possible deforma-
tion of the particles under such a stress system. In later papers Paldhikar (93)
and Rao (115) gave further evidence purporting to support the general validity
of the theory, but Narasimhamurty (91) some sixteen years later concluded that
little agreement holds between theory and experiment.

V. THEORIES FOR RIGID PARTICLES
A. THEORY OF HALLER

Haller (43), considering the known fact that for small gradients, colloidal
particles gave extinction angles of 45°, which decrease to zero as the gradients
increase, set out to investigate separately the behavior in flow of (a) rigid aniso-
dimensional particles and (b) deformable particles. A deformable anisodimen-
sional particle was not explicitly treated, it being inferred that it could be treated
by consideration of the individual results of (a) and (b). In this section only
the theory for rigid particles is presented; deformable particles are treated in
Section VII,B.

The rigid anisodimensional particles are assumed to have the shape of ellipsoids
of revolution, eylinders, or thin laminae. Such particles when subjected only to
laminar flow execute a precessional motion. In figure 3(a) the orientation of an
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(a)

F1g. 3. Parameters giving orientation of (a) particle and (b) principal vibration direc-
tions.

ellipsoidal particle with reference to a three-dimensional codrdinate system is
shown. The particle is assumed to lie in the annular gap between two concentric
cylinders. The motion of the particle is given by

% G
w¢,=£=§(1—bcos2¢) (10)
% bG
= — = —gin 20 sin 2 11
0= 4sm 9 sin 2¢ (11)

Here G is the velocity gradient and b is given by b = (1 — T')/(1 + TI'), where
T is the ratio of the maximum to the minimum rotational moment exerted on
the particle.

If, when laminar flow is set up, the motion of all the particles in a liquid ele-
ment of unit volume be considered, then, although the positions of the particles
and the particles themselves will be continually changing, the number and
orientations of the particles in the volume element are constant. The changes in
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orientation of the particles are considered to be due to the liquid flow and the
diffusion caused by Brownian motion. The net result is that the particles move
more slowly through some directions than others and so present a kinematic
orientation. To calculate this orientation Haller finds a distribution function, F,
which gives the frequency of the particles in the different positions; i.e., F is
defined by the statement that F d6 d¢ shall be that fraction of the whole number
of particles whose directions lie in the vanishingly small range between ¢ and
¢ + d¢ and 6 and 6 4+ dé. Thus the change in distribution of the particles in the
unit volume element per second due to the flow alone is given by

oF 1 16F (1 1oF
=) - i -z il (i el in 20 1
(at),e Gb |:F sin 2¢ (1 2cos 20)+ 330 (b cos 2¢>+ i sin 2¢ sin 2 ] (12)

The corresponding change due to Brownian diffusion is

oF D\ &#F 1 o  oF 1
=) ="—= —+ —cotf+ F—— 1
(at )d 2 [6& + sin20+ a6* + a0 °° + sin 0] us)

where D is the rotary diffusion constant of the particle. The latter is defined by
the Einstein relationship D = kT/C, where C is the resistance to rotation of the
molecule and & and T are as given in Section II. Values of D are given in Ap-

pendix 1. For a steady state
oF oF
(E),““(E)f 0 1

which yields a differential equation for F.

Haller obtained solutions for F for two special cases in which the effect of the
Brownian motion relative to the effect of the flow was either weak or strong.
Weak Brownian motion corresponds to relatively large particles or small par-
ticles subjected to high gradients, and strong motion arises for small particles
at low gradients. Haller’s solutions were given in terms of constants which could
not be evaluated but, from his results, graphs showing the general nature of the
variation of F with 6, if ¢ is regarded as a constant, and the variation with ¢,
when 6 is constant, have been drawn (figure 4). From figure 4(1) it is seen that
particlesin the plane § = & n7/2 (n = 0,12 ---) have infinitely great values of
F when there is no Brownian motion; this means that all other orientations with
respect to the plane 201 are unstable. Immediately flow starts the particles
move either into the 201 plane (§ = == 7/2) orat 90° toit (§ = 0 or =); Haller
states that about 71 per cent favor the orientation § = 4= 7/2. From figure 4(2)
it is clear that the longest dimensions of rod-shaped or ellipsoidal-shaped par-
ticles have a preferred orientation along O1. This also applies to the longest
dimensions of lamellar particles. The value of F is independent of the flow
gradient G.

With a small amount of Brownian motion, the variation of F is represented by
curves (b) and (c¢) of figure 4. F now depends on G, but its maximum value is
never as great as previously, which means that there is a smaller tendency to
orientation in a given direction. The direction of preferred orientation is shifted
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F1e. 4. Variation of distribution function F for rod-shaped particles (Haller). In figure
4(1) curves (a), (b), and (c) hold for no, moderate, and strong Brownian motion, respec-
tively. In figure 4(2) curve (a) holds for no Brownian motion and curves (b), (¢), and (d)
hold for increasing Brownian motion. x, the angle of extinection, = 90 — ¢.

from ¢ = 90° towards ¢ = 45°, corresponding to a rotation of the particle out of
the O1 direction against the flow.

With strong Brownian motion the largest value of F occurs when 8 = 7/2,
and in this plane the preferred orientation for the longest dimension of ellipsoidal
shaped particles (I' > 1) is inclined at 45° to the Ol direction; for laminae
(I < 1) the angle of inclination is 135°.

On the assumption that the directions of maximum orientation are the ex-
tinetion directions in the liquid, this theory explains the change of x from 45°
to 0° as G increases, but the precise mode of change is not given. It also predicts
a rise of double refraction with increasing gradient to a limit corresponding to
complete orientation of the particles.

B. THEORY OF BOEDER

Boeder’s theory (3) deals specifically with colloidal particles, which he as-
sumed to be large ellipsoids of revolution with high axial ratio imbedded in a
solution of small homogeneous molecules. The theory is developed with regard
to a liquid contained in the annular gap between two concentric cylinders.

Starting with the assumption that the particles were subjected to an orientating
influence due to flow and a disorientating effect due to Brownian motion he
deduced, in a manner analogous to that used by Haller, an expression for the
distribution function F of the major geometrical axes of the particles. Thus
with the parameters shown in figure 3, Boeder defined the motion of the particles
by the expressions

wg = —Zf = —@G cos?¢sin g (15)
and
» G
= — = — 9 si
wp = = rcos 26 sin 2¢ (16)
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Fig. 5. Variation of distribution function F with ¢ for different values of ¢ (Boeder).
x, the angle of extinetion, = 90 — ¢.

Then the variation with time of F due to the ordering effect of the flow is given by
oF cos?g sin 26 oF 1 oF
— 2d — 24— Jomgi 3 pubni

(at) G[Fs1n2¢( + 2 ) cos?¢ — cos ¢a¢+4s1n2¢s1n2060] an

which may be compared with equation 12,
The disordering effect of the Brownian motion is expressed by

2 2
(Zf) D|:9—F .1 +9—F+Ecos 0] (18)

d¢? sin?e ' 89* ' o9
which is an equation similar to equation 13. Equations 17 and 18 give, with
equation 14, a differential equation for F. Boeder gives the results of the integra-
tion in terms of a quantity ¢, equal to G/D, and confined his results mainly to
the two-dimensional case. For this § = /2, and it is assumed that

T
de¢=1r
0

The solution is given to cover three ranges of values of .
(@) ¢ = 0.5 to ¢ = 10: This is solved by numerical integration and the solu-
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tion given in the form of curves (figure 5); they have the same shape as those
shown in figure 4(2).

(b) ¢ < 0.5:
sin 2¢ cos 2¢ cos 4¢ 9 . 3 . 1 .
F = —? — LY - -
1+¢ n o-( T " >+o- (2gsm2¢ 29s1n4¢+3.2981n6¢> (19)

(¢) ¢ > 10:

2B 1 1sing 1 (56— 4cos?¢)

F=2= = il
T |:2 cos?¢ ocosbo o? cosB¢ + @0)

where B is a constant, which can be evaluated easily only for large values of ¢
to give

moll? 1 2 10
=1 [(wm)e * Ggoton <¢al/a>s] @V

In order to find the effect of the interaction of the electric field of an incident
light-wave and the partially orientated system, Boeder next assumed that the
liquid as a whole, or the particles, must be rendered anisotropic under flow.
Accordingly the anisotropy can arise either because of a regular arrangement of
the rod-shaped isotropic particles (Stédbchendoppelbrechung), or because of a
change of shape (strain double refraction) of each particle which then becomes
anisotropic. In addition the particles themselves might be anisotropic (eigen-
doppelbrechung). Boeder points out that all three possibilities may exist to-
gether, but considers the possibility of “Stdbchendoppelbrechung’” the least
likely. The question whether the particle anisotropy is a deformation anisotropy
or an eigen-anisotropy is undecided.

If now the particles are subjected to an external electric field of strength E,
which produces an internal field E; in the region of the particles, then each par-
ticle will become polarized by induction and assume an electric moment m which,
if the average is taken over all the molecules, is given by m = «F;. Here a is
the polarizability of the particle; it is a tensor. If P, is the polarization of the
liquid, i.e., the electric moment per unit volume resulting from the induced
dipole moments of the particles, then P, = ZpE,, where Zp is a tensor repre-
senting the sum of all the contributions of the individual polarizabilities of the
N, particles contained in unit volume. In calculating Zp, all the different orienta-
tions of the particles have to be considered. The tensor elements are given by

2T o
Pij = f f Foys(¢,0) sin 8 dg d¢ (6,7 =1,2,3) } (22)
0 0

where F is the distribution funection and «q;(¢,8) is the polarizability for a
particle in position (¢,§) with respect to the cobrdinate system O1, 02, O3.
By assuming that P, is related to the field E; by the Lorentz—Lorenz relation-
ship

4r

P
3

E;=E+
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and that E 4 4xP, = ¢E, where ¢ is the dielectric tensor of the medium, Boeder
was able to obtain an expression for e in terms of the elements ;; (¢,7 = 1, 2, 3)
which refer to the cosrdinate system 01, 02, O3. For the two-dimensional case,
this is

en e 0
€ = | €n €22 0
0 0 €3

where

4z 47 47 _l
=] - — = 1} == p?
€11 N, I:Pu (3 P22 ) 3 P12J

4 4 4
€ =1 — ]7:[1122 (Er P — 1) - ?ang}

=1 — R
€33 i :
3 yZH]
4w 4r
€9 = — H = —
12 N, P12 €12 N, Pa

The tensor ¢ may be reduced to the diagonal form, with elements e, ¢, ¢ by a
rotation (90 — x) about the axis O3, where

20; 2pn

tan 2x = = g (23)

€11 — €32 N Pu — P22
with

2% 27
H=f F cos 2¢ do; K=f F sin 2¢ d¢
0 0

Now e, ¢, € are the eigen-values of ¢ and are the principal values of the dielectric
constant along the three principal directions Oz, Oy, Oz in the liquid. Two of
these directions lie in the 201 plane and the third along the direction O3. The
first two are identified with the principal vibration directions of the liquid so
that x is the extinction angle; its value is determined by the distribution function
F.

If E, the external field, is due to a linearly polarized vibration of wavelength
A, then after traversing a length d of the medium, the phase difference A between
the components along Oz and Oy of the emergent elliptically polarized beam is
27d(e&* — &'%)/A\. This Boeder gives as

A = I[H? 4+ K22 = IIf (s,b) (24)

where II is the optical factor, which is a function of the polarizability of the
particles, and f(g, b), since it depends on F, is an orientation factor.

For values of ¢ between 0 and 10, Boeder gives the values of x and f(s, b)
in tabular form (table 1). If ¢ <0.5 and >10, then x = % tan"'4/¢. In the
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TABLE 1
Values of x and f(s, b) given by Boeder (3)

v X flo, 8) 4 X fle, 8)
0.0 45° 3.5 25°50/ 2.000
0.5 41°27 0.390 5.0 22°0/ 2.400
1.0 38°15/ 0.755 7.5 17°30’ 2.770
2.0 32°13' 1.367 10.0 15° 3.020

former case f(o, b) = (on/4)(1 — (4°/10)), whereas for values of ¢ > 10,
H = 2r(1 — 2.2207"* 4 0.568 ¢ ') and K = 4.43¢"° — 2.79,7", ‘
For the three-dimensional case and for small values only of ¢, Boeder gives

1 T o a?
= - tan-1 = — _— ...
X 2tan 6/c 1T (1 + ) (258)
and

o
flo, b) = o (25D)

It is seen that x is greater than, and f(o, b) is less than, the corresponding values
for two-dimensional motion.

C. THEORY OF W. KUHN

W. Kuhn (61) considered the particles in a solution to be either optically
anisotropic and rigid, or isotropic and flexible. Only the former treatment is
considered in this section. Rigid particles are orientated during flow and the
method of treatment, and the results for long narrow rigid particles are almost
identical with those of Boeder; unlike Boeder, however, Kuhn also deals with
particles of small axial ratio.

In developing his theory, Kuhn did not use the concept of ellipsoidal particles
but assumed that the particles, whatever their shape, could be represented by
models from an arrangement of rigidly connected spheres. These are sometimes
called the pearl necklace type of model. In figure 6 three such arrangements
are shown. Kuhn, like Boeder, showed that each particle in a flowing solution
executes an irregular rotational motion about its center of gravity in addition to
translation, and thus assumes a preferred direction of kinematic orientation.
He finds a distribution funection, F, from a differential equation in the same
manner as Boeder and Haller. The constants of integration are determined by
imposing the condition that

27
f Fd¢ =N,
0

where N, is the total number of particles per cubic centimeter.
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2s

(o) (b) ()

F1c. 6. Molecular models of W, Kuhn: (a) ellipsoidal molecule; (b) long narrow molecule;
(¢) free-draining molecule.

It is assumed that each particle possesses either eigen or form double refraction
and that the total birefringence, which arises in the flowing solution, is given by

27
AN = Ny — Ny = f [FH,{sin? ¢’ — cos? ¢’} + FH:{cos? ¢’ — sin? ¢'}] do¢ (26)
0

In this equation 7, and n, are the values of the refractive indices along the prin-
cipal directions of vibration Oz and Oy, respectively (figure 3), and ¢’ = ¢ + x.
The quantities H, and H; are functions of the polarizabilities of the particles
and are defined by the equation

N,,(Hl — Hg) = (n: - ny)sat. = AfNgat. (27)
in which (n, — 7y)sa. is the limiting value of the birefringence, which is assumed
to exist when all the particles are completely orientated. The value of An is

then found for the three different models of figure 6, which are supposedly sus-
pended in a liquid of viscosity 7, and subjected to a flow gradient G.

1. Model (a): ellipsoidal particle of small axial ratio

Kuhn assumes that the rotational velocity, d¢/d¢, and the diffusion constant,
D, of the particle are given by

¢ 1% cos? ¢ + ag’s: sin% ¢
— = -G 2
at 1% + aos; 28)
and
kT
(29)

R L —
12mnolar?s1 + aas)

where the symbols have the meanings given in Section II and figure 6.
In a later paper he takes s; = 8, so that 2a; and 2a. become the major and
minor axes, respectively.
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For very large particles, for which D = 0 and G/D is large,

Ny (0112981 82) 12

F =22
2 2(a;%s; cos? ¢ -+ as?s, sin? ¢)

(30)

This is independent of G and is a maximum for ¢ = x/2, so that x = 0. Then
by equation 26
1% — s3'%a

8
An = N(H, — H,) m (31)

For small particles, for which D is large and G/D is small,

N[ G %1 — agsy
=ty TN T WG 32
o |1 1D mtey + arie, " 2 (62)

This is dependent on G and is a maximum for ¢ = 7/4, irrespective of whether
the particle is rod-shaped or disc-shaped. The corresponding value of x is 45°
and An is given by

3w G,
2kT

o

An =Ny(H, — Hy) (a1 — ag’ss) (33)

As @ increases, F' and An approach, but never reach, the values given by equa-
tions 30 and 31, respectively; x decreases from 45° to a small value different
from zero.

2. Model (b): ellipsoidal particle of large axial ratio (elongated or chain molecule)

In this case
3
a—f = — Gcos?¢
and
D = 8kT /ol

where 1 is the length of the particle.

For very large and for moderate values of ¢, Kuhn uses Boeder’s expressions
for F (equations 21 and 20). These give a maximum at values of ¢ approaching
7/2; the value /2 occurs only for large values of ¢ and corresponds to a value of
x equal to zero and a birefringence given by equation 27. For small values of
o, Kuhn finds x = 45° and

ol?
An = N(H; — Hy) %i—”? (34)
where N,(H:y — H,) = Vén, V is the volume occupied by the suspended par-
ticles per cubic centimeter of solution, and én is their eigen double refraction.
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F16.7. Ratio of observed birefringence, An, to maximum birefringence, Anq;., for differ-
ent values of x (Kuhn (61)).

3. Model (c)
For this Kuhn modified equation 34 to get

=G,
64kT

An = Np(H1 - Hg) (l18 - l28) (35)

If ), = I, = I, then An = 0 and F has the constant value N,/2x. This cor-
responds to no direction of preferred orientation with d¢/9t = —G/2 and
D = 4kT /7.

Kuhn states that the accepted values of 6¢/9¢ and of D, obtained by Jeffery
(48) and Gans (39), respectively, for rigid ellipsoids, are little different from
those given by equations 28 and 29; for this reason he assumes the models to
be satisfactory.

For molecules which may be represented by model (b), it is evident that if
An is measured for small values of G/D, and if én and V are known, then [ can
be found directly from equation 34. When én is not known, then An.,:. may be
found either from experimentally obtained graphs of An and x against G, in
which the value of An.y. is that corresponding to the value of G for which x = 0
(extrapolated if necessary), or from the curve of figure 7. The curve enables
Angys, to be found if An is known for any value of x, so that besides the particle
length I, the eigen double refraction én can also be found. Because in reality the
problem is a three-dimensional and not a two-dimensional one, Kuhn considers
the true value of ! to be greater than that obtained by the above method.

D. THEORY OF SADRON

The theories of Kuhn, Haller, and Boeder all suffered from an inadequate
treatment of the hydrodynamic motion of the flowing particles. Further, the
optical behavior was incorrectly treated, in that the Lorentz—Lorenz relationship
for the isotropic internal field in a medium due to an incident light-wave was
used to connect the constants of the particles (e.g., polarizability) with the
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macroscopic measurable quantities (e.g., permittivity), whereas anisotropic
internal fields are more probable. Sadron was the first to attempt a remedy of
both defects, his theory being confined to the two-dimensional case.

Sadron (119, 120) assumes that in flow, rigid particles in solution precess in
the manner already given by Boeder, but he replaces equation 15 by the equa-
tion given by Jeffery (48) to describe their motion. He then employs the method
used by Langevin (82) for electric and magnetic double refraction of pure liquids
to calculate the flow birefringence, but introduces an anisotropic field within
the medium by applying the Lorenz method of consideration to an ellipsoid-
shaped volume of dimensions equal to that of the particle. He considers first a
monodisperse system of particles and then extends his theory to cover a poly-
disperse system.

1. Monodisperse system (119)

Each particle is taken to be an ellipsoid of revolution of axial ratio a,/az and
such that this ellipsoid coincides with the ellipsoid representing its optical
properties.

With reference to figure 3(a), the particles are assumed to lie in the plane
¢ = x/2 and the rotational veloeity w, is given by

99 a1? cos? ¢ + a?sin? ¢
w¢ _— T R e

ot a?+ a?

(36)

Sadron then deduces that for the two-dimensional case the distribution F is
(¢f. equation 19)

F = [1 +Zsin 24,] @7
T 4

where b = (@2 — a2)/(a:? + a2?) and the other symbols have their usual mean-
ings. It is assumed that

f Fdg = =N,
0

The particles thus have a direction of preferred orientation and the medium
becomes doubly refracting with principal vibration directions Oz and Oy parallel
and perpendicular, respectively, to this direction (figure 3(b)). The extinction
angle x is given by the equation tan 2x = constant X G/D.

When the electric vector E of an incident light-wave is parallel to Oz and Oy,
respectively, the polarizations P, and P, produced along Oz and Oy in the
medium are given by

Py = (Po)s + (Pp)i (= 12,9) (38)

where (P,); and (P,); are the polarizations in these directions due to all the
suspended particles and the solvent molecules, respectively. For the solvent
molecule let the azimuth of the major axis with respect to Oz be 6,, the principal
polarizabilities be «,, B, and N, be the number per cubic centimeter. The cor-
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responding parameters for the particles are 6,, a,, 8,, and N,. Then Sadron,
assuming the solvent molecule to be influenced by an isotropic internal field of
the general form (E -+ (47/3)P), deduces that

4
(P,): = (E + ?WP;) (Ho): =z (39)
where
(H,)e = (oo €082 0y + B, sin? 8,)dN (40)
(Hy)y = (oo 8in? 8, -+ B, cos? 6,)dN (41)

The field on the particles is taken as anisotropic and its values along the particle
axes Of, On are given by (E + L,P), where 7 = §, n and

Li= T+
is a shape factor (see Appendix 2). Then
4
(Pp); = (E + %Pi)(Hp)i =+ ?WP.' Ji (=29 (42)
where (H,). and (H,), are given by equations 40 and 41 with a,, 8,, and 6,
replacing a,, 8, and 6,.
Also

Jr = f (eg op cO82 0, + ¢4 Bp 8in? 8,)dN (43)
0

Jy = f (e¢ ap 8In? 6, -+ €4 By cOS26,) AN (44)
0
By equations 38, 39, and 42,
4
Pi=(E+%’rPi>(H0+Hp)i+§PiJi =z (45)

or
P,,; = E(Hg + Hp){ + Pa‘(Ko + Kp)i (46)

where

K, = %Ho and K, = f (Lg ap cos? 8y + Ly Bpsin® 8y) AN
0
The connection between polarization, P, and refractive index, n, is given by
(n* — 1)E = 4xP, so that

n — 1 dr (H, + Hp):
n2+2 3

(G =12z
1=
3
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For small concentrations, and if A; is written for (n® — 1)/(nd + 2), then

i

4
A¢=§(H0+Hp+%rHoJ) @=z9 47)

It is further assumed that the solvent of refractive index =, is not orientated
during flow, so that (H,). = (H,), = H, and

N — 1 4r
Ao=n02+2=?H0 (48)
From equations 47 and 48,
4
Ay, — Ay = é’r[(Hp): —_ (Hp)u + Ao(l’: - Jy)] (49)

Now 6, is directly related to ¢ and F to dN, so that using equation 37 the values
of (Hp); and J; may be found.
Sadron gives

N b
(Hp)s = 2 I:ap + B+ = lap — 6;:)] (50)
7 2
N b
Jz =-2—:|:egap+eu(3p+%(egap - e,,ﬁp)] 1)

and (H,), and J, are obtained by interchanging the polarizabilities a, and 8,
From equation 49, finally,

2+ 2y ;
T (_n__—_’-__) Nlloy — Bp) + Aolezap — egBp)lbe = HbB 2

where II, b, o, and n, have their usual meanings.!
Since

D=

kT
7o Vf(r)

(see Appendix 1), equation 52 may be written in the form y = Bz + C, where

Jan 1 p=to ]
Y= Ny mG (nt + 27 T nt 2
T bV T bV
B =-§ m (egap - enﬁp), C= _3 ka(T) (az’ - BP)

Thus a graph of y against x should be a straight line which, since ¢; < 0 and
e, > 0, has a negative slope. The value of An can change from positive through
zero to negative according to the value of 7.. Sadron illustrates this with the
experimental results from Signer (figure 8), and in discussing the theory points
out that if n is the value of n, for which An is zero, then

n2—1_ ap — Bp
nt 42  epap— eyBp

1 The numerical factor =/3 in equation 52 appears incorrect, since the study of the original
paper shows that a mistake has been made in copying an incorrect equation of Langevin
and also there is apparently an error in the integration; the factor should read 4x/9.
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Fia. 8. Birefringence of solutions of polystyrene (molecular weights, M, of 175,000 and
193,000) in different solvents. Solvents are: (1) butyl acetate, (2) dioxane: H,O (1:1), (3)
pure dioxane, (4) decalin, (5) toluene, (6) ethylene bromide, (7) tetralin, (8) bromobenzene.
From Sadron (119).

When #, a5, and 8, are known, information on ¢ and e,, and hence the axial
ratio r, can be found.

2. Polydisperse system

Sadron (120) considers a system composed of ¢ monodisperse constituents
each containing (N,). particles per unit volume of solution. It is assumed
that the concentrations are low so that during flow each constituent is orientated
as if it alone were present in solution and there are no interactive effects. The
k* system has a distribution function Fi, an extinction angle x:, a diffusion
constant Dj and would, if alone present, give a birefringence (An);. The pa-
rameters are shown in figure 9.
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Y

F1g. 9. Parameters for a polydisperse system (Sadron). Oz and Oy are the principal
vibration directions of the solution, Oz is the direction of preferred orientation of type k
particles, and O1 is the flow direction.

The polarization of the whole system when the incident light vector is parallel
to Oz or Oy is obtained from equation 46, i.e.,

4 4
Pi=E |:H +3 H,,(sk)]. + P, |:K +3 KA&)] G = 2,9) (53)
1 U 1 L
where
(Np)k
[Hp()): = '57‘;‘ [{oap = Bp)a Sk + (ap — Bo)r Qs cOs 28 (64)
and
(Np)k
[Kp(Ek)]s = o [(Liap + Ln Bp)lc Sla + (LE Op — Ln Bp)k Qio cos 2&] (55)
with

T T
S = f Fpd6, and Qr = f Fy cos 6, dog
0 0

The terms [H,(& )]y and [Kp(&)]y may be obtained from [H,(&)]. and [K,(&)].
by interchanging «, and 8,. The subscript % indicates the kt system, and 6;
is the aximuth of the major axis of a particle of the k* system with respect to
the corresponding direction of mean orientation.

From equation 53

E q
Pa: e Pz/ = mz [(1 b Ko)(ap b ap)s -+ Ho(Lfap b Lan)]Q],cOS 2£k
- Kt 9

(P — P,)i cos 2& (56)

- Mea
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where (P, — P,): is the difference between the polarizations of the k*® system
only caused by the electric vector being along Oz or Oys.
Sadron also shows that

q
2Py — Pyisin 2 = 0 57)
1

Equations 56 and 57 hold for a gradient G, such that Gy = Gy, where n, and g
are the viscosity coeflicients of the monodisperse and polydisperse systems,
respectively. If the refractive indices of the polydisperse system and the mono-
disperse system are assumed equal, then these equations become

q
An = 3 (An); cos 2&, (58)

1
and

g
0 = (An); sin 2& (59)
1

where An is the double refraction of the whole system. Introducing x, the ex-
tinction angle for the polydisperse system, by the relationship & = x — xx, then

q
An? = |:2 (An)x sin 2)@}2 + |:2q) (An)i cos 2;(,,]2 (60)

1 1

and

é (An)g sin 2xs
tan 2x = 7411_—— (61)

2 (An)p cos 2xx

1
Experimental results on a mixture of two monodisperse constituents in solution
for the two cases in which the constituents alone in solution exhibit flow double
refraction of the same sign and of opposite sign are given by Sadron and Mosi-
mann (123); they appear in good agreement with the results calculated from
equations 60 and 61.

E. THEORIES OF PETERLIN AND STUART AND OF SNELLMAN AND BJORNSTAHL

For disperse systems consisting of colloidal particles or large molecules in a
solvent, which under all conditions was assumed to be isotropic, Peterlin and
Stuart (104) developed a continuum theory. In principle they followed the
ideas of Boeder and Haller: namely, that the system becomes ordered and
anisotropic when subjected to a flow gradient. They considered, however,
particle motion in three dimensions and deduced accurate values for the distribu-
tion function F (97). In a manner analogous to that used by Sadron they intro-
duced an anisotropic field, but they did not apply the Lorentz—Lorenz considera-
tion to an ellipsoidal volume element of dimensions equal to that of the particle,
but to one of much larger dimensions.

The theory of Snellman and Bjornstahl (133) is identical in concept. They
used the results of Peterlin and Stuart for the behavior of the particles under
flow but extended the optical considerations by taking into account the effect
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of absorption of light by the particles and by dealing in more detail with the
internal field. This theory is presented in this review, and the equations of
Peterlin and Stuart for the birefringence are presented as a special case.

A monodisperse system showing no optical activity is assumed in which the
particles are taken to be identical, uncharged, rigid, homogeneous ellipsoids of
revolution. The lengths of the major and minor axes are designated by 2a; and
2a,, respectively, and the particle is supposed to have a mean radius of (ma?)"®
and a volume of (4ma1a5°)/3. The smallest dimension is taken to be greater than
10 A., so that the molecular structure of the solvent can be neglected, and the
largest dimension less than 1000 A., so that the influence of the electric field of
the incident light-wave may be treated quasi-statically (90). These limits are
those also assumed by Peterlin and Stuart. Particle sizes are taken to be those
when in solution, and in some cases they can be expected to differ from the ‘“‘dried”
particles because of possible changes due to solvation and swelling. The principal
geometrical axes of the particles, the principal axes of dielectric susceptibility,
and the principal axes of the absorption indices are taken to be coincident. The
system is assumed to be so dilute that no interactive effects result, so that the
total effect of all the particles can be taken as the sum of the effect of each par-
ticle. The polydisperse systems later considered are assumed to be composed of a
number of groups of particles, each group having the properties given above and
differing only in size. The theory applies essentially to a liquid in a concentric
cylinder flow cell, although the concepts are of general validity.

Peterlin and Stuart, in studying the behavior of the particles, start from the
established fact that the action of the flow gradient G is to cause them to precess.
With reference to figure 3 the velocity of rotation of a particle orientated as
shown has components 86/t and d¢/d¢, in the plane 30¢ and about O3, re-
spectively, given by

wy = 8¢/8t = g(l + b cos 2¢) (62)

and
bG . .
wp = 88/3t = TSln 20 sin 2¢ (63)

These are Jeffery’s equations. They differ from Boeder’s equations (equations
15 and 16) but are almost identical with those due to Haller (equations 10 and
11). In this case, however,

(@ —af) -1

Tt ad) rrl

where r is the axial ratio a;/as. The effects of thermal agitation will be super-

imposed. Peterlin and Stuart use precisely the same method as Boeder and

Haller to obtain a differential equation giving the distribution function F of the
particles. This equation is

(64)

‘% = DVF — div (Fa) (65)

where w is the angular velocity of the particles with components ws; and ws.
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Fie. 10. Diffusion constant, D, and time of adjustment, 7,, to steady state for ellipsoidal

particles of different axial ratios » and mean radii (a:1/%as2/3); calculated for viscosity of
0.01 poise at 20°C. After Peterlin and Stuart (106).

In general F depends on 6, ¢, and time, but according to Peterlin (97), a
steady state is reached after a time 7,, where 7, = 1/6D (see figure 10). Then
dF /ot = 0, so that by introducing the spherical cosrdinates 6 and ¢, equation 65
becomes

O o? . L OF

o %" 3 T sin?6 og?
_bo‘ sin 20sin2¢(ﬁ 14 bcos 2¢ ﬁ’ . - (66)
_2|: 2 60+( 5 )6¢ 3Fsm2¢s1n0]

where ¢ = G/D. This equation is similar to the equation deduced by Haller and
identical with that due to Boeder if b is put equal to unity. Its solution, which
must satisfy the conditions that F shall be finite at every point of the spherical
surface and shall always be positive, has been given by Burgers (7) and Peterlin
(97). The latter expresses F as a power series in b:

F=F,+bFy + bF, + - = 3 biF; ®7)
i=0
where F;is a function of ¢, 6, and ¢ and is expressed in terms of a series of spheri-
cal harmonics. From the definition of F, the number, dN, of particles the axial
directions of which lie within the solid angle d@ (= sin 6 df d¢) is given by
dN = F dQ. It is assumed that with no flow (dN/dQ) = F = 1, or
ir

Np= FdQ = 4r
0
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where N, is the number of particles per unit volume and the final expressions
for F are then given in the forms of limiting equations (see Appendix 3). From
these the general behavior of F is deduced: for ¢ equal to zero it is a constant
corresponding to random orientation; for small values of ¢ it has a maximum
for values of ¢ near 45° and this maximum shifts towards values of ¢ of 90°
as ¢ increases.

The optical behavior of the system is found by following the method used by
Boeder. Thus Bjornstahl and Snellman (and Peterlin and Stuart) calculate the
induced polarization P due to the electric field of the incident light-wave and,
by relating this to the macroscopic quantities, refractive index, and concentra-
tion, deduce an expression for the birefringence. However, whereas Boeder con-
siders the polarization, P, to be that resulting from the induced dipole moments
of the orientated particles, namely P,, Bjornstahl and Snellman follow Sadron
in taking P to be the sum of P, and the isotropic polarization, P,, of the solvent,
ie.,

P=P,+P, (68)

It is assumed that the light-wave has an electric vector E and it falls on the
monodisperse system of permittivity ¢, which consists of a number of anisotropic
triaxial particles in a suspending medium (solvent) of permittivity e. The

30}

Units of Lland L2
are 47/3

]
1/100 i/10 I 10 100
/ AXIAL RATIO r

Fi1a. 11. Shape factors L and Ly (or L; and L,) as functions of axial ratio r. These factors
are given by L; = ‘%r (1 ~-2)and L, = %lr (1 4+ 1), and the variation of ! with r is also
shown (see Appendix 2).
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polarizabilities and the permittivities of a particle along its axes Of, Ox, and
O¢ (see figure 3) are taken to be a;, a,, oy and e, ¢, €, respectively.
The value of P, due to the external field E is given by

4rP, = (¢, — 1)E (69)

To find P,, the internal electric field acting on the particles is first found; this
is anisotropic. Following Maxwell (86) the components of the internal field
along the particle axes Of, Oy, and O¢f are taken as E¢ + L:Py, E, + L,P,, and
E; 4 L;P;, respectively, where E, (¢ = £, 3, {) are the corresponding components
of the external field, P, (e = &, 9, {) are the components of the polarization, and
L, (e = &, 4, {) are shape factors characterizing the asymmetry of the internal
field (see figure 11 and Appendix 2).

The components along Of, On, and Of of the induced moment are given by

me = (1 + Lex)E, = A.E, e=¢&mn7% (70)

where x, is the relative op,tical susceptibility of the particle given by P,/eE.;
it is direction dependent. «, is the relative polarizability.
In the directions O1, 02, and O3, the components become

mj = AgEg cos (£]) + AqEy cos (nf) + AgEpcos §7) (j=1,2,8) (71)
Further, if E, is the component of E along O1, then
E, = Eicos (el) (e =¢m,§) (72)

s0 that denoting the components along O1, 02, and O3 due to E,; alone by
My, Ma, Ma, respectively,

mn = [Ag cos? (1) + A4, cos® (nl) -+ Ap cos? (¢1)]E,
ma = [Ag cos (£1) cos (£2) 4+ A, cos (n1) cos (#2) + Af cos (¢1) cos (£2))E, (73)
my = [Ag cos (£1) cos (£3) -+ Ay cos (31) cos (3) + A¢ cos (¢1) cos ({3)]E,

If ellipsoids of revolution of volume V are considered, then ¢, = ¢, ay = a,
and L, = L, so that 4, = A;. For simplicity in writing, «; will be replaced by
o« and ay by B; also A and B will be used instead of A; and 4,. Then equations
73 become

my = [B + (A — B) cos? (fl)]El = a11E1
Mo = [A - B] cOo8 (fl) CcO8 (52)E1 = azlEl (74)
ma = [A — B] cos (£1) cos (£3)E; = anF:
Similarly, if E; and E; are the components of E along 02 and O3, respectively,
then the corresponding components of the moment become
M1z = oneBa; Mis = aislly
May = agnBe; Mz = ankfy

msg = agely; My = auk

in which a1 = au; a1z = ag, aze = az and ay, as, and az; are obtained from
equations 74 by a cyclic interchange of indices.
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Now if there are N, (= 4r) particles per unit volume having a distribution
function given by the solution of equation 66, then the average values M j
of the components of the moment are given by

fmu dN fmuFdQ
My = = in = Pu E,
'de
fM21 dN f’f'nledQ
My = = 2 = Py E b (75)
de i
f’mzn dN f’f'nsl FDQ
My = = i = DPa E,
de

/

The quantity p;; (7 = 1, 2, 3, j = 1) is the element of the tensor p representing
the contribution of the polarizabilities (¢f. equation 22). Similar expressions
hold for M;; and My (j = 1, 2, 3). Bjornstahl and Snellman then introduced
the facts that d@ = sin 6 df d¢ and the cosines of the angles (£1), (£2), and
(£3) are known in terms of ¢ and ¢, to deduce the following equations:

T 27
drpyy = f f [4 + (A ~ B) sin? 6 sin? ¢ F sin 6 d6 do
0 0

T a2x%
8rpy = (4 - B)[[ f sin? @ sin 2¢] F gin 6 d6 d¢
0 Jo
. r aln (76)
drpyy = f f [B + (4 — B) sin?6 cos? ¢) F sin 6 d¢ d¢
o Jo

T a27
drps = f f [B+ (4 — B) cos?9]Fsin8ddde¢ and pji = ps
0 Jo

Now, in general, the polarization P, in any direction in a medium of permittivity
¢ due to N, particles each having an average component of dipole moment M
in that direction caused by an external field E, is given by P, = eN,M, where,
by equation 75, M = pkE, i.e.,
P, = ¢NypD = exE @7)
In the case considered here p is given by the symmetrical matrix
Pu P2 Pa
P =|Pn D22 Dz (78)
Pa P32 Psa
If ¢ is the permittivity of the whole system, then by equations 68, 69, and 77,
(e — €0) = dmeoNpp = d7ie, 79)
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Bjornstahl and Snellman now assume that the particles are orientated sym-
metrically with respect to the flow plane so that ps; = ps2 = 0. This condition
prevails in a concentric cylinder flow cell. To find the directions Oz, Oy, Oz of
the prineipal permittivities of the medium, the rules of tensor algebra are applied
to the matrix (equation 78) to transform it to the diagonal form with elements
Dz Py, and p,. This is done by rotating the coodrdinate system O1, 02, O3 by
(90 — x) about the axis O3, where

2p12

tan 2x = tan 2(lz) = —— (80)
and the elements p,, p,, p. are given by
P = [(pu + P22) + {(pu1 — P22)? + 4p1s?}¥2). (8la)
Py = [(pu + p22) — {(pu — p22)? + 4p122 112, (81b)
Pr = [pasle (81¢)

The subscripts z, y, #z to the brackets indicate that the values of the quantities
considered are those for directions Oz, Oy, and Oz, respectively. Thus the values
A and B which appear in the expressions for pu, pa, 12 in equation 81la are
given from equation 70 by

4o = ozl + Lys);  Br = Bl + Lyxa) (82)
Corresponding expressions hold in y and 2. The angle x is the extinction angle

and its general value found by substitution from equation 76 into equation 80
is given by

T 227
[ f F sint 6 sin 26 do de
vl 0

T 27
f f F sin3 9 cos 2¢ d9 d¢
0 V0

tan 2x = (83)

This equation agrees with equation 23 of Boeder when 8 = 90°.

The magnitude of the birefringence is found by finding the values of p., p,,
and p. from equations 76 and 81 and hence evaluating the quantities x., x,, and
%.. Then, finally,

2T ey~ xy = NpILy fo, B) (84)
4re,
and
£ E‘= Hy — %z=anuf(°'yb) (85)
dre,

where f(a, b) is a function of ¢ and b called the orientation factor, and II,, and
IL.. are optical factors given by

[ %0 -A)+ N2 |
L4 — A = (N, @ flo, )2

I, = 4

a2b%E _ aH2E(l — A)

¥ = &)+ N, @)+~ o)
L, = 2(1 = A)2 — N, &1 — A)f(s, b)
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In these equations
3A

P

Np(a'Ls + 28'Ly); 3a’ = o + 28’
(@'Lg — B'Ly); E = o + 68’
¥ =oqo - B’

For the quasi-stationary conditions under which these equations have been
derived, permittivity may be replaced by the square of the refractive index.
In the general case the refractive index is a complex index given by »; = n;(1 —
k;t), where 7 = z, y, 2, and n; and «; are the real refractive index and the ab-
sorption index of the solution, respectively. If ¢, = n,” and v, + », = 2», then
by equation 84

2 2 (v — )

€& — €& V2T T Wy _
dre, dant  dwng? N, Iy f(o, b) (86)

Thus if & is negligible, the birefringence An is given by

27N,
n

An = n, — Ny = 1ot Rf(e, b) (87)
where R represents the real part of II,,.

This treatment also allows an expression for the dichroism of the solution to
be found, since by considering the imaginary part J of II,,

- (nﬁx; - nvzxu) = 27|'ano2gf(0', b) (88)

Expressions for (n, — n,) and — (nks — maks) can be deduced from which
it is clear that the liquid in flow behaves as a biaxial erystal (51). With the usual
method of observation in a concentric cylinder cell only the quantity n. — n,
can be measured.

The application of equations 83 and 87 to get expressions for x and An requires
the evaluation of F and f(s, b) and the determination of K.

In the range ¢ < 1.5 and b < 1, Peterlin and Stuart find that

LI UL U U 1
x=3" 1! 108(1+ 35>+ ] ©9)
and
] P P - 1
f(a,b)—15|:1—72(1+35>+ ] (90)

Equation 89 is almost identical with equation 25a deduced by Boeder. For higher
values of ¢, no correspondingly simple expressions are available, but by use of an
electronic computer F has been evaluated (40, 124) for all values of ¢ up to 200
and tables of x and f(e, b) drawn up for various axial ratios. The results are
reproduced in figure 12 and table 2. For the evaluation of R it is necessary to
know o’ and § in terms of measurable quantities and to have values of L; and
L,. According to Gans (38)
eles — &)V

N 01
“* 7 dre + (o - &)l o 1)

, e~V
EOB = 41"0 + (e" _ Eo)Lz = gZV (glb)



THEORIES OF STREAMING DOUBLE REFRACTION 379

X 45

w

o3

4 LY

<

=z 25

o

-

5 Is

Z

S 5k r=3

w 1 ] 1 1 ] I N
5 10 15 20 25 30 35

PARAMETER, 6

(14

(0]

2o.5

<

u_0.4

z

90.3

L o.2

oo

z

go.l

14

(@) 1 L ] L1 1 L

5 10 I5 20 25 30 35
PARAMETER)U‘

Fie. 12. Extinction angle, x, and orientation factor, f(s, b) plotted against ¢ for different
axial ratios r. After Scheraga, Edsall, and Gadd (124).

whence
(92)

o 3_60)( Beoler — €) + (e — €o) ey — €) (L1 — Lg)
o fr = 47"1 [3e + LII(EE - 50)][350 + L;(En - 50)]

In these equations L = 3L,/4r and L; = 3L/4r, where L; and L, are the
shape factors shown in figure 11, and if » and m denote the complex and real
refractive indices of the particle, respectively, and « is its absorption index, then

& = g = ml — xgt); e

Peterlin and Stuart considered the case when the concentration was low and no
dichroism was present. Then, if (g1 — ¢;)® denotes the real part of (g1 — ¢:),

2V (0 — 009500, D) (04)

Py = mg(l ~ kyt) (93)

An =

where f(o, b) is given by equation 90.
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TABLE 2A
Ezxtinction angle, x, as function of o for various azial ratios r*

From Scheraga, Edsall, and Gadd (124), with r replacing » and ¢ replacing «

1.00 2.00 3.00 4.00 5.00 7.00 10.00 16.00 25.00 50.00 ©

Q=

0.00 45.00 45.00 45.00 45.00 45.00 45.00 45.00 45.00 45.00 45.00 45.00
0.25 43.81 43.81 43.81 43.81 43.81 43.81 43.81 43.81 43.81 43.81 43.81
0.50 42.62 | 42.62 42.62 42.62 42.62 42,62 42.62 42,62 42.62 42.62 42.62
0.75 41.44 41.44 41.4 41.44 41.45 41.45 41.45 41.45 41.45 41.45 41.45

1.00 40.27 40.28 40.29 40.29 40.29 40.30 40.30 40.30 40.30 40.30 40.30
39.12 39.14 39.15 39.16 39.16 39.17 39.17 39.17 39.17 39.17 39.17
. 37.98 38.02 38.04 38.05 38.06 38.07 38.07 38.07 38.07 38.07 38.08
1.75 38.87 36.92 36.96 36.98 36.99 37.00 37.01 37.01 37.01 37.01 37.01

2.00 35.78 35.86 35.91 35.94 35.96 35.97 35.98 35.98 35.99 35.99 35.99
2.25 34.72 34.82 34.90 34.94 34.96 34.98 34,99 35.00 35.00 35.00 35.00
2.50 33.69 33.82 33.93 33.98 34.01 34.03 34.04 34.05 34.05 34.06 34.06
3.00 31.72 31.93 32.09 32.17 32.21 32.25 32.27 32.28 32.29 32.29 32.29

3.50 29.87 30.18 30.41 30.52 30.58 30.63 30.66 30.68 30.69 30.69 30.69
4.00 28.16 28.56 28.87 29.02 26.09 29.17 29.21 29.23 29.24 29.25 29.25
4.50 26.57 27.08 27.47 27.66 27.75 27.85 27.89 27.93 27.94 27.95 27.95
5.00 25.10 25.73 26.20 26.42 26.54 26.65 26.71 26.75 26.77 26.77 26.78

6.00 22,50 23.35 23.98 24.29 24.45 24.60 24.68 24.73 24.75 24.76 24.76
7.00 20.30 21.35 22.13 22,51 22.71 22.90 23.00 23.06 23.09 23.10 23.11
8.00 18.43 19.65 20.57 21.02 21.26 21.48 21.60 21.68 21.70 21,72 21.73
9.00 16.84 18.20 19.25 18.75 20.02 20.27 20.41 20.50 20.53 20.55 20.55

10.00 15.48 16.95 18.09 18.66 18.96 19.24 19.39 19.49 19.53 19.54 19.55
12.50 12.82 14.45 15.80 16.48 16.84 17.18 17.37 17.49 17.54 17.56 17.56
15.00 10.90 12.60 14.07 14.84 15.25 15.64 15.86 16.00 16.05 16.08 16.09
17.50 9.46 11.16 12.72 13.55 14.00 14.44 14.68 14.84 14.89 14.92 14.93

20.00 8.35 10.02 11.62 12.51 13.00 13.47 13.74 13.90 13.97 14.00 14.01

22.50 7.46 9.08 10.71 11.64 12.16 12.67 12,97 13.14 13.21 13.24 13.26
25.00 6.75 8.30 9.95 10.91 11.46 12,00 12.31 12,50 12.58 12.62 12,63
30.00 5.66 7.08 8.71 9.72 10.32 10.91 11.26 11,48 11.57 11.61 11.62

35.00 4.86 6.17 7.76 8.80 9.43 10.07 10.45 10.69 10.78 10.83 10.85
40.00 4.27 5.46 7.00 8.04 8.70 9.38 9.79 10.06 10.16 10.21 10.23
45.00 3.80 4.90 6.37 7.41 8.08 8.79 9.23 9.51 9.62 9.68 9.69
50.00 3.42 4.43 5.84 6.87 7.54 8.28 8.74 9.03 9.15 9.22 9.23

60.00 2.86 3.73 5.00 5.99 6.66 7.4 7.89 8.20 8.33 8.40 8.42
80.00 2.14 2.82 3.88 4.75 5.36 6.08 6.55 6.86 6.98 7.05 7.08
100.00 1.72 2.27 3.15 3.90 4.45 5.09 5.562 5.80 5.92 5.98 6.00
200.00 0.86 1.14 1.62 2.04 2.35 2.74 2.99 3.16 3.23 3.27 3.28

& Values of x for o-values above 60 are of uncertain validity.

For small gradients f(e, b) = b/15, and since the volume concentration ¢ =
N,V, or the weight concentration (expressed in grams per cubic centimeter)
¢ = Mc¢/NAV, where M and N4 are the molecular weight and Avogadro’s
number, respectively.

b
M)y = 2 (g1 — g2)® (concentration in em.? ecm.™3) (95a)

15n2 neD
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TABLE 2B
Orientation factor, f(e, b) as function of o for vartous axial ratios r*
From Scheraga, Edsall, and Gadd (124), with r replacing p and ¢ replacing «

-:L 100 2.00 3.00 4.00 5.00 7.00 10.00 16.00 25.00 50.00 L

0.00 0.00000{ 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 ; 0.0000 [ 0.0000
0.25 0.00000{ 0.0100 | 0.0133 | 0.0147 | 0.0154 | 0,0160 | 0.0163 | 0.0165 | 0.0166 ; 0.0166 { 0.0167
0.50 0.00000{ 0.0199 | 0.0266 { 0.0293 | 0.0307 | 0.031¢ | 0.0325 | 0.0329 | 0.0331 | 0.0332 | 0.0332
0.75 0.00000{ 0.0298 | 0.0397 | 0.0437 | 0.0458 | 0.0476 | 0.0486 | 0.0492 | 0.0494 | 0.0495 | 0.0496

1.00 0.00000{ 0.0394 | 0.0525 { 0.0579 | 0.0606 { 0.0630 [ 0.0643 | 0.0651 [ 0.0654 | 0.0656 | 0.0656
1.25 0.00000f 0.048¢ | 0.0651 { 0.0718 | 0.0751 { 0.0781 | 0.0767 | 0.0807 | 0.0811 | 0.0813 | 0.0813
1,50 0.00000| 0.0581 | 0.0774 | 0.0853 | 0.0892 { 0.0927 | 0.0947 | 0.0958 | 0.0963 | 0.0965 | 0.0966
1.75 0.00000| 0.0671 | 0.0893 | 0.0984 | 0.102¢ | 0.106¢ | 0.1082 { 0.1105 | 0.1110 | 0.1113 | 0.1114

2.00 0.00000{ 0.0757 | 0.1007 | 0.1110 { 0.1161 { 0.1206 | 0.1231
2.25 0.00009| 0.0840 { 0.1118 { 0.1231 | 0.1287 { 0.1338 | 0.1366
2.50 0.00000| 0.0920 | 0.1223 | 0.1348 | 0.1409 | 0.1464 | 0.1464
3.00 0.00000{ 0.106¢ | 0.1421 | 0.1565 | 0.1636 | 0,1700 | 0.1735

1246 | 0.1252 | 0.1255 | 0.1256
1382 | 0.1388 | 0.1392 | 0.1393
1512 | 0.1519 | 0.1523 | 0.1524
1756 | 0.1764 [ 0.1768 | 0.1769

oo oo

3.50 0.00000{ 0.1204 | 0.1601 | 0.1762 { 0.1842 { 0.1914 | 0.1954 | 0.1977 | 0.1986 | 0.1891 | 0.1992
4.00 0.00000] 0.1326 | 0.1763 | 0.1941 | 0.2029 | 0.2108 | 0.2152 | 0.2177 | 0.2187 | 0.2192 | 0.2194
4.50 0.00000; 0.1436 | 0.1909 | 0.2103 | 0.2198 | 0.2284 | 0.2331 | 0.235%9 | 0.2370 | 0.2376 | 0.2377
5.00 0.00000; 0.1534 | 0.2041 | 0.2249 | 0.2351 | 0.2444 | 0.2464 | 0.2524 | 0.2536 | 0.2542 | 0.2544
6.00 0.00000] 0.1700 | 0.2268 { 0.2502 | 0.2617 | 0.2721 | 0.2778 { 0.2812 | 0.2825 | 0.2832 | 0.2834
7.00 0.00000{ 0.1835 | 0.2456 | 0.2712 | 0.283% | 0.2954 4 0.3017 | 0.3054 | 0.3069 | 0.3076 | 0.307%
8.00 0.00000{ 0.1945 | 0.2613 | 0.2891 | 0.3028 | 0.3153 | 0.3222 | 0.3262 | 0.3278 ; 0.3286 | 0.3289

9.00 0.00000{ 0.2035 | 0.2746 | 0.3044 | 0.3191 | 0.3326 | 0.3399 | 0.3443 | 0.3460 | 0.3469 | 0.3472

10.00 0.00000| 0.2111 | 0.2860 | 0.3176 | 0.3334 | 0.3477 | 0.3556 | 0.3603 | 0.3621 | 0.3630 | 0.3633
12.50 0.00000{ 0.2253 | 0.3086 | 0.3444 | 0.3624 | 0.3788 | 0.3879 | 0.3933 | 0.3953 | 0.3964 | 0.3968
15.00 0.00000{ 0.2351 | 0.3254 | 0.3649 | 0.3848 | 0.4032 | 0.4133 | 0.4193 | 0.4216 | 0.4228 | 0.4232
17.60 0.00000| 0.2421 | 0.3383 | 0.3810 | 0.4028 | 0.4229 | 0.4340 | 0.4406 | 0.4431 | 0.4444 | 0.4449

20,00 0.00000{ 0.2473 | 0.3485 { 0.3942 | 0.4177 | 0.4393 | 0.4513 | 0.4585 | 0.4612 | 0.4626 | 0.4631
22.50 0.00000] 0.2513 ; 0.3568 | 0.4052  0.4302 | 0.4533 | 0.4661 | 0.4737 | 0.4766 | 0.4782 | 0.4787
25.00 0.00000] 0.2544 | 0.3637 | 0.4147 | 0.4412 | 0.465% | 0.4796 ; 0.4878 | 0.4910 | 0.4926 | 0.4932
30.00 0.00000] 0.2588 | 0.3744 | 0.4209 | 0.4592 | 0.4867 | 0.5020 | 0.5113 | 0.5148 | 0.5166 | 0.5173

35.00 0.00000{ 0.2619 | 0.3823 | 0.4418 | 0.4736 | 0.5037 | 0.5206 { 0.5308 | 0.5347 | 0.5367 | 0.537¢
40.00 0.00000; 0.2640 | 0.3883 | 0.4513 | 0.4854 { 0.5181 | 0.5366 | 9.5478 | 0.5521 | 0.5543 | 0.5551
45.00 0.00000/ 0.2656 | 0.3930 | 0.4589 | 0.4952 | 0.5304 | 0.5505 | 0.5626 | 0.5673 | 0.5698 | 0.5706
50.00 0.00000| 0.2667 | 0.3967 | 0.4653 | 0.5037 | 0.5413 | 0.5630 | 0.5763 | 0.5814 | 0.5841 | 0.5850

60.00 0.00000| 0.2683 | 0.4021 | 0.4750 | 0.5169 [ 0.5590 ; 0.5838 | 0.5991 | 0.6051 [ 0.6083 | 0.6094
80.00 0.00000{ 0.2699 | 0.4082 | 0.4868 | 0.5338 | 0.5826 | 0.6125 | 0.6314 | 0.6389 | 0.642% | 0.6442
100.00 0.00000; 0.2707 | 0.4114 | 0.4933 | 0.5434 | 0.5966 | 0.6298 | 0.6511 | 0.6506 | 0.6642 | 0.6657
200.00 0.00000} 0.2718 | 0.4161 | 0.5034 | 0.5588 | 0.6199 | 0.6592 | 0.6850 | 0.6954 | 0.7010 | 0.7029

* Values of f for o-values above 60 are of uncertain validity.

or
2r N4V

TS

b
(g — gz)mﬁ (concentration in g. cm.-3) (95b)

In practice the refractive indices n and n, of the solution and solvent, respec-
tively, may be assumed to have the same value. Clearly [M],, is independent of
concentration.

By equation 92,
38U, + U,

i Wi + W, ©8)

(gl - gz)& =
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where
Up = 3(m — my®); ntUs = (my? — not)(m,? — n2)(Ly ~ L)
ntWy = 30, + Li(mg* — no?); notW, = 3n,2 -+ Ly(m,? = n?)

The values of U, and U, depend on the optical anisotropy (eigen anisotropy
and shape (form anisotropy) of the particles, respectively, and the sum can be
a positive or a negative quantity according to the value of n,. The product
W:W, is, in practice, always positive, so that (g — g;)® can, under certain
conditions, undergo a change of sign. The conditions are for elongated ellipsoids
(r > 1, b positive) that m; is less than m,, and for disc-shaped particles (r < 1,
b negative) that m; is greater than m, If U, is zero, ie., isotropic particles,
(gr — g2)% is always positive when » > 1 and negative when r < 1. These facts,
which are represented in figure 13, present certain similarities to form double
refraction. The graph of An of a system of particles plotted against n,’ always

" . D"'
2 m>m m<m
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o} \ ° / 2 \
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(b) Values for r«i

F1a. 13. Curves showing variation of (g — g5)® and parameters U, and U, for different
values of solvent refractive index, n.. (a) elongated elipsoids; (b) flattened ellipsoids.
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takes the same form whatever the value of r, because An is proportional to
b(gy — g2)® and a change from 7 > 1 to r < 1 reverses the sign of b.

When dichroism is present, as in the case of a herapathite sol in flow, the ex-
pression for An is determined by the absorption coefficient. This was treated
briefly by Snellman and Bjornstahl, who also indicated what would be the
behavior of more highly concentrated solutions. For the latter case it was
assumed that the eccentricity factor of the field is I;, where

L = ‘%"(1 ~2) and L, =‘%"<1 1)
(see Appendix 2). Then from equation 87,
an = 20 { o — ) — 4—"1;7:—% 4o+ g + o gz]}mf(a, B @)
so that for small gradients
M) = i—”{ 0 - 0) ~ S lst + o) + glggl}(R o (98)

where R again denotes that the real part of the optical factor is to be taken.
[M] is concentration dependent, but it must be realized that with increasing
concentration the hydrodynamic interaction of the particles increases, which
leads to a decrease in D and an increase in f(o, b). This makes equation 98 of
uncertain value; furthermore, as the concentration increases, so the possible
validity of the initial assumptions decreases.

F. EXTENSIONS OF SNELLMAN-BJORNSTAHL THEORY
1. Charged particles

Charges on the particles will, in general, give rise to repulsive forces between
them. These, if very high concentrations are present, could conceivably change
the polarizabilities of the particles by bringing about a disturbance of their
electronic structure. However, the concentrations for which equations 62 and
63 hold are such as to preclude this, and it is therefore assumed here that the
only effect of the repulsive forces is to make the particles align themselves
parallel to one another. Joly (52) has indicated how this effect may be treated.

It is assumed that the assembly of charged particles acquires an angular
velocity w., due to the repulsive forces, which is additional to the flow velocity, w.
Then, for steady motion, equation 65 is replaced by

DVF — div (Fw) — div (Fe,) = 0 (99)
where Fuw, is found to be given by
Fer = B’ l:?%i”]m (8) grad F (100)

In this equation B’ is a positive constant, I is the moment of inertia of the particle
about its axis of rotation, and f(S) is a function of S which is given by S =


file:///32kT
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TABLE 3

Values of the function f(S)
From Joly (52)

N 168) S H &) s §&))
0.0 0.0 1.1 0.298 3.0 0.415
0.1 0.105 1.2 0.321 3.5 0.4235
0.2 0.149 1.4 0.338 4.0 0.429
0.3 0.178 1.6 0.354 4.5 0.432
0.4 0.204 1.8 0.367 5.0 0.435
0.5 0.225 2.0 0.379 6.0 0.440
0.8 0.243 2.2 0.388 7.0 0.442
0.7 0.259 2.4 0.395 8.0 0.443
0.8 0.275 2.6 0.4035 8.0 0.4436
0.9 0.287 2.8 0.410 10.0 0.4438

(hy — h,)/kT. The quantity hy — h, represents the potential barrier which a
particle would have to jump in rotating through 180°. By substitution into
equation 99 and rearrangement

[ _,I’?’_%’E]‘“ ]2_~ -
LD BL ol f(8) 1 VF — div Fo = 0
or
DVF — div Fo = 0 (101)
It is seen, therefore, that the effect of the charges is simply to reduce the
diffusion constant from D to an apparent value D,. Values of f(.S) as § increases
from 0 to 10 are given by Joly (see table 3); for the two-dimensional case it is
deduced that D, = D[l — 2.25 f(8)], an expression which probably holds
approximately for three-dimensional motion.
2. Polydisperse systems

In order to find the effect for a suspension of a liquid of refractive index n,
containing ¢ monodisperse systems, which do not mutually interact, each system,
if it alone were present in suspension, is assumed to give rise to an extinction
angle and birefringence given by equations 83 and 94. Then the ¢ systems

aq
regarded as one system having N(= 21 N:) particles per unit volume may be

shown to give rise to an extinction angle x and birefringence A given by

g
> (Av-v)i sin 2x

tan 2x = E:—L———‘— (102)
> (Av-v)x cos 2x
k=1
2 2
(Ay+p)? = |: zq: (Av-»)y cos 2)&] + |: za: (Ay+»)g sin 2Xk] (103)
k=1 k=1

in which Aw and x: are the birefringence and extinction angle, respectively, of
she ktt system. In practice the value of » for the solution containing ¢ mono-
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disperse systems and that for a solution of the same concentration containing
only one system are usually the same. The equations are also valid for charged
particles.

3. The effect of optical activity

This problem was attempted by Bjornstahl (2). It was assumed that the activ-
ity changed with gradient, and by using a method involving the Poincaré sphere
(49), relationships were obtained for the observed double refraction in terms of
the double refraction with no activity and no absorption, of the degree of activity,
and of the absorption indices. The theory lacks clarity and the results, even if
correct, are too complicated to be of use.

VI. THEORIES FOR LIQUIDS
A. THEORY OF PETERLIN AND STUART

The theory of Raman and Krishnan (Section IV) would appear to apply both
to colloidal solutions and to liquids composed of anisotropic molecules. A differ-
ent theory has been presented by Peterlin and Stuart (105) along the lines of
their earlier theory for rigid particles. They point out that the molecules cannot,
as for gaseous molecules, be considered to be independent and initially in a state
of random distribution, because in liquids a state of order is present. This order,
which extends only to a distance of a few molecules from a given molecule, they
call “Nahordnung” after a suggestion of Zernike (168). The two main effects of
the “Nahordnung” are that the ordered environment of any molecule is char-
acterized by a preferred direction in space which only slowly changes with time
and that the internal field acting on a molecule is anisotropic. A schematic picture
of “Nahordnung” is shown in figure 14.

To find the anisotropic field Peterlin and Stuart consider any molecule to be
surrounded by a fietitious surface having the shape of an ellipsoid of revolution.
The dimensions are taken to be large relative to the distances between the mole-
cules and its major axis assumed to lie along the preferred direction of the

() !
¥ I

Fic. 14. (a) Schematic picture of the ‘“Nahordnung.” OI and OII are the directions of
anisotropy of the internal field. (b) Parameters for the theory of Peterlin and Stuart for
liquids (105).
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“Nahordnung.” Then the Lorentz relationship for the internal field is replaced
by E; + L;P; (j = I, 11, I11) where

4 4
LI=§(1—2Z); Ln—Lm=§(1+l)

Thus
2
B+ LiP; = ﬂg‘— I} E;
where
Lh=1-205 lgpe=lyy=1+70
with

poe=l, _m=1
Te+2 mr42

In these equations e and n are the permittivity and refractive index of the medium
and [ is a function of the axial ratio of the fictitious ellipsoid.

The result of the existence of such a preferred direction in space is that free
rotation of a molecule cannot occur, because rotation out of this preferred direc-
tion requires potential energy, h. This energy is a function of position and is
called the delay potential; for polar and nonpolar molecules it is given by h =
—ho cos © and b = h cos’®, respectively, where © is as shown in figure 14.

Other possible effects of the “Nahordnung,” which are mentioned but not
considered by Peterlin and Stuart, are the deformation of the electron shells
surrounding the molecules and a periodic variation of the “Nahordnung.”

The molecules, which are taken as ellipsoids of revolution of axial ratio a/az,
assume a kinematic orientation when subjected to flow with their orientation
defined by a distribution function F. The magnitude of the induced double
refraction is then found by differentiation of the equation giving the molar
polarization [P] of the liquid with the effects of the orientation of the molecules,
the delay potential, and the field anisotropy taken into consideration.

Thus

pl =Mt M _dry s (109)
n p

where M, p, and N, are the molecular weight, the density, and Avogadro’s
number, respectively; & is the mean apparent polarizability, i.e., the average
value of all the induced molecular moments in a unit field.
Hence
4r p (n?+ 2)?

An—?NAMTA& (105)
where Aa is the sum for all molecules of the resolved parts of the differences of
the principal polarizabilities along the directions O1 and 02 (figure 14 (b)) and
which, according to Peterlin and Stuart, is given by

A& = {og — ) fF [cos? (£2) — cos? (g1)] dQ@ (106)

= (o1 — on)f(£2, £1)
where dQ = sin 6 dg d¢ and the cosine terms are functions of  and ¢.
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In finding the value of f(£2, £1), it is considered that, because the kinematic
orientation of the molecule in flow is determined by the motion of the whole
ordered neighborhood, the delay potential does not influence F'; neither does the
anisotropy of the field. Even with the highest realizable values of G, which are
between 10* and 10° sec.™, ¢ is only of magnitude 10~ to 10~ for molecules.
Peterlin and Stuart consider therefore that F is given accurately by

F = 1+%bsin 2¢ sin? 6

to give a value for f(£2, £1) of ¢b/15.

The polarizabilities a; and - are really the optical polarizabilities of the mole-
cules when they are in the gaseous state. They cannot be used for liquids because
the delay potential and the anisotropic field come into play, but it is deduced
that (a1 — a2) must be replaced by Rsz(c; — «2), where R, is a reduction factor
(<1) given by

Ri=1- 5(2‘*‘ * ‘“) Gg - 1) (107)

The quantity g is a function of y, where y = h/kT. The values of R, for different
values of g and I’ for polar and nonpolar molecules are shown in figure 15.

Thus from equations 105 and 106 for a liquid containing N, molecules per
unit volume (N, = Nap/M)

2 2
It D - o) D Rs (108)
n 45
The Maxwell constant [M] is given by
An 2w [ n? 4 2\?
(M] = G = ?( ) Nolay — a2) 52D Ry (109

and the molar Maxwell constant [M]., which is taken to be equal to

1M n 2
57(nz+2) 4

2 (o1 — o)
M), = =
(Ml = 57 Na 454D

by

bR, (110)

For the more general case of molecules having the shape of a triaxial ellipsoid
with principal polarizabilities a;, a, and «; along the main geometrical axes of
lengths 2a;, 2a., and 2as, respectively,

mfn?+ 2\* 1 | (o1 — arbre | (o0 — ag)bas | (05 — a1)ba
[Ml—3( : )N,,45n[ Sty T s ]Rd

where Dy, D,, and D; are the diffusion constants for rotation about the three
main axes and

bir = (@ — a®)/(a* + &®)  (j,k=1,2,3)
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F1a. 15. Reduction factor, R4, for various values of g and I’ for (a) nonpolar and (b) polar
moleculeg. The ordinate units are (201 + a2)/{e1 — a3).

This equation for [M] may be compared with equation 9 due to Raman and
Kirishnan, it being remembered that the diffusion constants are directly propor-
tional to kT /.

Peterlin and Stuart state that the value of R; may be obtained from data on
electric double refraction, magnetic double refraction, molar polarization, or
molar refraction.

In a recent paper, Champion (25) has suggested that liquids such as carbon
tetrachloride, for which the molecules would not be expected to show any orien-
tation or distortion anisotropy, will give streaming double refraction due to the
distortion of the radial distribution function during flow. The birefringence An
is calculated from the variation of the polarization due to the distorted distribu-
tion function using the Bragg method (6). It is given by

2 AE 3

An Noa z m (111)
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where E is the external field, AE is the additional field due to the distorted func-
tion, N, is the number of molecules per unit volume, and « is the polarizability
of the molecule. Champion states that An = 7 X 107° for carbon tetrachloride
for a gradient of 50,000 sec.™

B. DISCUSSION

In deciding which of the two orientation theories for liquids is the better, the
available experimental results may be examined. For the several cases where the
data may be used for testing the theory of Raman and Krishnan little agreement
is found (118); for the few cases where sufficient data are available for use with
Peterlin and Stuart’s theory, a much better agreement is indicated. Tolstoi
(138) considered the values of the birefringence, An, and the angle of isocline,
X, in a liquid which was subjected simultaneously to hydrodynamic and electric
fields. This idea was suggested much earlier by Taylor (137) to decide between
the theories of Boeder and Kuhn. Tolstoi dealt with nonpolar ellipsoidal mole-
cules having an anisotropic polarizability A« and assumed that the field E was
applied in the direction of the gradient G. It was shown that, with reference to
figure 3, the rotational velocity w, of the molecule in the plane 201 (i.e., § = 7/2)
was given by

o6 G
s = a—‘f = Z 1L+ b cos 206 ~ )] (112)

where
(@) = (Gb)? + E%a/C
and
tan 2¢/ = E%Aa/CGH (113)

the quantities C and b having the meanings given in Section II.
Tolstoi then derived expressions for An and x using the original theory of
Peterlin and Stuart discussed in Section V,E. Thus

An = 125'17» (91 ~ g0%%blL -+ (B*aa/CGH) (114)
and
T , T a?
"=Z""’"12[1"1os+"'] 118

Since for liquids ¢ is very small, equations 113, 114, and 115 enable it to be
shown that

6(E2) E-»0

G=constant

[a(An) =0 (116)

and
G cot 2x = E? X constant a1
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Although Tolstoi does not mention the modified theory of Peterlin and Stuart
involving the conception of a “Nahordnung,” equations 116 and 117 will still
apply.

Using the theory of Raman and Krishnan and assuming that the optical effects
result from the electrical force in the direction of the gradient and the hydro-
dynamic force at 45° to this direction, Tolstoi finds the equations corresponding
to equations 116 and 117 to be

a(an)
0 118
|:6(E2) E->0 a ( )
G=constant
and
G(cot x — 1) = E? X constant (119)

Experiments with purified transformer oil gave results in good agreement
with equations 116 and 117 but in marked disagreement with the deductions of
equations 118 and 119. There is, however, need for further experiments along
these lines.

The ideas of Champion have yet to be subjected to experimental verification.
The difficulty would seem to be the detection of so small a birefringence at shear
rates which easily cause parasitic birefringence in the apparatus.

VII. THEORIES FOR FLEXIBLE PARTICLES
A. GENERAL

Early attempts at theories were made by Haller and by Kuhn with a pearl
necklace type of model. Quantitative treatments for chain molecules were com-
menced in 1943.

The general concept of a chain molecule is that it is made up of a number
(Z) of units called monomers; Z is known as the degree of polymerization. Each
monomer 1s composed of a number of segments, and the molecule in solution is
regarded as being curled up but subject to a continuous change of shape because
of the almost free rotation of the segments around a given valency direction as
axis. This rotation is caused by thermal agitation, and when the solution is at
rest is opposed by the viscous resistance of the surrounding medium and by the
resistance to change of shape offered by the molecule itself. The molecule is
characterized by its “hydrodynamic length” L, which is the maximum length
when the molecule is uncoiled without distortion of the valency angles and atomic
distances, and by the distance - between its ends when it is coiled (figure 16).
It is assumed that the properties of a suspension of such molecules are deter-
mined by the values of & of all the molecules.

W. Kuhn and H. Kuhn were the first to present a theory for dilute solutions
of unbranched chain molecules. Simultaneously a theory was given by Hermans.
These investigators considered the molecular shape to be that of a “random or
statistical coil” (62). For this the chain molecule was supposed to consist of a
number of small elements or chains, each one containing an equal number of
units called monomer groups. It was assumed that the coil was freely draining—
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F1a. 16. Parameters for dimensions of unbranched molecule (Kuhn (73, 74, 75)). (a)
Fully extended molecule; (b) randomly coiled molecule. L, Z, b, and h have their usual
meanings (Section II); H;, maximum coil diameter; H,, cross-sectional diameter; z, maxi-
mum dimension in arbitrary direction; X, average diameter. Regarded as a sphere of radius
7o and volume V,, then V, = 477,%/3 = 0.41(4,bZ)*?; regarded as an ellipsoid of volume V,,
then V., = 0.36(4,bZ)3%",

i.e., it did not entrap solvent molecules or prohibit their movement through the
coil—and that its behavior in flow was equivalent to that of a dumbbell-shaped
particle. Later W. Kuhn and H. Kuhn introduced the concept of internal vis-
cosity and imposed a limitation on free draining (69); the theory was extended
by Peterlin (99). Other theories, in which different models were used, were given
by Kramers and by Cerf, and further contributions have been made by Kirkwood
and Zimm. Concentrated solutions have been treated by Peterlin and Lodge.

B. THEORY OF HALLER

Haller (43) considers the particles to be spherical and isotropic at rest and
assumes that they are subject to external stresses due to the flow. These deform
the particle into an elongated ellipsoid and cause internal stresses p, which,
however, are not identical with the external stresses p., because the particle is
supposed to have an “internal viscosity,” which, as the particle is deformed,
causes additional internal stresses. The resultant internal stress is a combination
of these two stresses, and the behavior of the particle in flow is characterized
by the conditions for equilibrium between the external and the internal stresses.
These ideas are developments of those given earlier by Natanson and Schwedoff.
The double refraction which arises is taken as being essentially due to defor-
mation.

Following Stokes the external stresses are taken to be a compression and
tension acting on a direction defined by § = =/2 and ¢ = = 7/4, i.e, in the 201
plane at 45° to the direction of flow O1 (see figure 3). The internal stresses due
to the “flow” or deformation of the particle are uncertain in magnitude but are
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2

A 45° Flow
045 Direction

F16. 17. Position of optical axis in a deformable particle (Haller). Op,, directions of ex-
ternal hydrodynamic stresses; Op;, directions of internal particle stresses.

considered to act at 45° to the major axis of the ellipse. The orientation of this
axis depends on the external hydrodynamic stress and the internal particle
stress. '

The state of affairs is shown in figure 17. If the distortion is small, « is small:
this corresponds to small gradients or very rigid particles and although p. is
regarded as finite, p; is negligible. The axis OY is at 45° to O1. If the distortion
is large, @ approaches 45°; this corresponds to large gradients or flexible particles
so that p, is large. The axis OY then lies along O1. The axis OR of the induced
double refraction does not entirely follow this pattern. For small gradients it is
assumed to coincide with OY, but with larger gradients it is supposed to lag
behind OY by an amount dependent on the nature of the particle. When «
reaches its limit of 45°, the angle between OR and OY also reaches a limit but
not 45°.

Thus the result of considering the deformability of the particle is that x
changes from 45° to a limiting value x, different from zero as G increases and
there is no saturation value for the amount of double refraction. Haller points
out that a number of lyophilic colloids show this behavior. He also mentions
that streaming double refraction can arise in liquids possessing structural
elasticity by deformation of the structure. The latter aspect has been considered
by Ostwald (94).

C. THEORY OF W. KUHN

From a calculation using his theory for rigid particles Kuhn (61), using Signer’s
data (128), found that the eigen double refraction for rubber and polystyrene
was so small that he was led to the conclusion that, in their normal state, the
molecules of these substances must be almost optically isotropic. Further, since
these substances when the particles were completely orientated by mechanical
straining gave an appreciable amount of double refraction, Kuhn also concluded
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that flow double refraction must arise from a cause other than by orientation:
namely, the effect of the stresses to which the particle is subjected when in the
flow gradient. His theory, which deals first with elongated particles and then
with spherical particles, is as follows:

For an elongated particle of length I (model b of figure 6) inclined at an angle
90 — ¢ to the flow direction, it is deduced that there is an average force R; acting
along the axis given by

Ry = % oG sin 2 (120)

and a corresponding force acting perpendicular to this direction which, since the
lateral dimension is small, is negligible. As ¢ varies with rotation of the particle,
8o the force is alternately tensile and compressive. If unit stress acting on a
particle produces a birefringence of magnitude én’, then the amount of bire-
fringence én, given by each particle is expressed by

1, :
np = Toet on' %@ sin 2¢ (121)
This arises irrespective of any preferred orientation of the particle and has a
maximum for ¢ = 45° The total birefringence An due to all the particles, which
is a result of the stresses induced in them and of the orientation of the particles
with a distribution function F, is found from the equation

27
An = % 129,Gon’ f F sin 2¢[sin? ¢’ — cos? ¢'] d¢ (122)
0

where x is as in figure 3 and ¢’ = ¢ + x.
For moderate values of ¢ and using Boeder’s value for F, Kuhn deduces from

equation 122
I V%@ a?\ | 308
An = V(2_8> -—S—Bn’ |:(1+é-7> sin 2x+2TOCOS 2x"'] (123)

where V (= ma®l) is the volume of the particle when it is in solution. For x,
Kuhn gives
21w 922

tan 2y = —

o + % (124)

For very small values of o, i.e., with little preferred orientation, F = N,/2m,
so that by equation 124, x = 45° and by equation 123,

N, nl3Gan’ 1\ 7. @
= ————————— = am— '
An P =V (23) 3 on (125)

For very large values of &, the angle x approaches zero but An increases with-
out reaching a constant value. Molecular lengths [ can be found from equation
124, with D taken as 8%T/mn.l°. Equation 125 has been used by Tsvetkov and
Petrova (150) to find (I/2s).

Kuhn considers that spherical particles are deformed into ellipsoids under
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flow. In this case the force acting perpendicularly to the major axis can no longer
be neglected. For small values of o, the angle x is considered to to be 45° and
equation 125 gives

An = VnGén'/4

The double refraction is regarded as being almost entirely strain double refrac-
tion.

In discussing this theory for deformable particles Kuhn mentions that other
factors occurring within the particle, such as Haller’s internal viscosity, may
arise. These may mean that the particle requires a finite time, 7/, to change its
shape, and, if so, this relaxation time would need to be considered. The decision
whether the observed double refraction is due to orientation or extension must
be made, according to Kuhn, after a consideration of the observed flow double
refraction and the eigen double refraction obtained by straining the dry sub-
stance. Kuhn considers that if the particles break under the action of the hydro-
dynamic forces an abrupt change of value of An could be expected, the change
varying according to whether the double refraction is due to orientation or to
strain and is dependent upon the axial ratio before, and after, breakage.

D. THEORY OF W. KUHN AND H. XUHN (68, 69, 76)

In this theory the behavior of a molecule in a liquid is described as if two
mass points, which are located at the ends of the coil and exert an elastic force
upon each other, are diffusing in the liquid. The equilibrium distribution of the
vector joining the end points is deformed under the influence of flow and a new
stationary distribution is reached from which the viscosity and flow birefringence
are calculated. To find the relative frequency at which the values of & occur in a
suspension, at rest and when flowing, W. Kuhn (62, 70) considered the molecule
as a “statistical coil” having the same values L and h as the real molecule and
consisting, not of Z monomer units, but of N, ‘“statistical straight-chain ele-
ments” each of average length A,. Each chain element is then supposed to
consist of an average of s,, monomers, where the value of s, is chosen so that the
orientation of each element is independent of the other elements. The average
external dimensions of the statistical coil (62, 64, 70, 76) are shown in figure 16
and defined in the caption. Then if b is the hydrodynamic length of the monomer,

L =2b = Npsub = Nndn (126)

By purely statistical methods W. Kuhn (62, 70) calculated the probability for
the oceurrence of an end-to-end distance h for orientations random in space for
a solution at rest and deduced that the mean value of the square of the spatial
vector h is given by

7% = Npdn? = LAn = ZbAn 127)

The resistance to changes of value of A is considered to be due to a statistical
force R, and the resistance R, offered by the molecule itself. By using relation-
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ships between probability and entropy and between entropy and free energy
the value of R, was given as (63)

3h 1 hYo b\ 207
By= 2T {N,,,A,,,z +t 4. [(N,,.A,,,) 5T (N,,.Am) T ]} 128)

which, since usually 4 << N »A ., becomes

6h
The value of R; was expressed by the relationship (68)
R, = 2B dH/dt (130)

where B is termed the shape resistance of the molecule (71). The latter is the
chief factor deciding the time required by the molecule to change its configuration;
the time 7"—called the macroconstellation changing time—required to double
or halve A is given approximately by
‘BZ
v = 2bAn E
Typical values are given in table 4.

The forces R; and R; and the thermal agitation give rise, in a solution at rest,
to a kinematic equilibrium in the distribution of A.

W. Kuhn and H. Kuhn considered that the molecule in suspension may be
(1) a loose structure through which the surrounding liquid can move freely,
(2) a closely matted structure in which the solvent molecules lie completely im-
mobilized between the coils, or (3) a structure allowing partial movement of the
solvent. Cases 1 and 2 give rise to the “freely draining” molecule and ‘“non-
draining” molecule, respectively. The former has a small value for Z; the latter
has a large value for Z and behaves somewhat as if the entire coiled-up molecule
were contained in a closed skin, which separates the molecule and the liquid
within, from the rest of the solution; for small flow gradients it acts as a rigid
body. For the partially draining molecule the degree of immobilization of the
solvent is expressed as a function of parameters which define the shape of the
coil.

In flow any selected molecule will be subjected to the forces R;, R, thermal

TABLE 4

Typical values of 7’

Substance Solvent Ap, (X108) b (X108) BZ (1076) 7¢ (1076 sec.)
Cellulose nitrate............ Butyl acetate 240 5.15 230 1300
Cellulose nitrate............ Cyclohexanone 200 5.15 10 47

Methyleellulose.. ........... Water 130 5.15 2 6.4
Polystyrene................. Cyclohexanone 13 2,53 1000 160
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agitation, and hydrodynamic flow forces. For simplicity W. Kuhn and H. Kuhn
consider only two-dimensional motion. The theory is then as follows:

With reference to figure 18, assume a liquid flow in the direction Ol. The
molecule is regarded as having an “axis” defined by the vector 4 joining the end
points and a center of gravity O at the midpoint of A. Owing to the flow forces,
O assumes the translation speed of the surrounding liquid and superimposed is
a rotary motion of A always in the same direction but not at a constant speed so
that “the molecular axis” has directions of preferred orientation. To this motion
is added a periodical dilatation and compression of the length hA. Although the
molecule is able always to participate in the rotation, it cannot completely
realize the change in length of A shown in figure 18 due to the action of R; and
R,. Since, however, the liquid moves regardless of whether the molecule ends can
follow, these ends attain finite speeds relative to the surrounding liquid and
frictional forces R, appear. To calculate these W. Kuhn and H. Kuhn replace
the molecule by an elastic dumbbell model in which it is assumed that one-fourth
of the original molecule is localized at each end of the dumbbell and the hydro-
dynamic effects of the intermediate chain parts are neglected. Then if the end
of the model has a velocity v relative to the solvent, the force acting on the end
in the direction of » is given by

®Rs = vponL/4 (131)

where 7, is the solvent viscosity, and M. is a frictional factor depending on the
degree of immobilization of the solvent within the molecule and whether the
motion of the molecule is one of translation or rotation. Initially, for freely
draining molecules R; was calculated as the resistance exerted on a sphere, so
that A, was a purely numerical coefficient taken as 37/2. Later this was modified,
but for the present it may be assumed to be a constant for a given molecule; it
must be remembered that for considerations of flow double refraction the motion
is mainly rotary.

In order to find the distribution function ¥, which determines the orientation
of h, a method similar to that used by Peterlin and Stuart was used. The final
differential equation, expressed in terms of » and ¢ (figure 18), is

oF [2h | 1 L oF A
6F+ F|:_+__ga’hsin2¢]+——+4a’cos’¢£+=

oht  8r | R: A ht 8¢* hot
D\ o foF 1
={1-Z2) (= =+ 40/ cosr g ) (132
(1 D,)a¢(a¢ hz+4a cos ¢) (132)
where
— 2 2. G
= — me = — h2 ! m
ho? 3 NnA 3 and o 16D, (133)

D, and D, are the translatory diffusion constants for motion of the end points
along and perpendicular to A, respectively, and with the model considered here

2kT 2kT
= = 134
Dy and D, oL + 8B (134)
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Fig. 18. Change in direction and length of end-to-end distance k. The arrows indicate
motion of liquid surrounding the molecule as seen from a codrdinate system which partiei-
pates in the translation of the center of gravity. h revolves in an anticlockwise direction.
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For small values of G, and arbitrary values of B, the solution of equation 132 is
given as

N» R? — s .
et exp — h=02 {1 — ¢’h,? sin 2¢) (135)

F =

For moderate and small values of G and vanishingly small values of B,

N, —
F= wh_pz [1 + (o B2z e PH (136)
0

— si — o'kt
P=é|:1—a’ho2sm2¢ o'k, cos2¢]
ho?
B

where

1+ (0'hed)?
With very large values of

F = ;%fl(@fz(h) (137)

and if ¢'A* is small

fil@) = 1+ o’h?sin 2¢ — (a’h2)2(cos 2% -+ 99%‘&’) o

[+ (‘1’&2)2 T ("_’”>4 + ]
_L 4 4\ 16 T

h_"2|— l '__g 7 3)4
2|_1+2<oh¢,2> 8<om+

and

Since the viscosity of a solution of chain molecules is dependent on their be-
havior in flow, the considerations above may be utilized in obtaining expressions
for the intrinsic viscosity. In this review intrinsic viscosity, [4], is taken to
be the quantity [(n — 7,)/7.cle-0, Where 7 is the viscosity of the solution, 7, that
of the solvent, and ¢ unless otherwise stated is the concentration expressed in
grams per 100 cc. W. Kuhn and H. Kuhn find that with the distribution func-
tions given by equations 135 and 136, the intrinsic viscosity for small gradients
and arbitrary values of B, and for arbitrary gradients and small values of B,
is given by

MmNy Z Ay? A Na Z

= — b=— — Anb? 138
48102 M, sm 48 10* M, (128)

In this equation, the concentration c is given by
¢ = 102ZM,N,/Ns = 10:MN,/Na (139)

where N, is Avogadro’s number and M and M, are the molecular weights of the
molecule and the monomer, respectively.
Using equation 137, for large values of B
-

2 — 473 —
-_—_——t —_ 7 2)2 — (g’ 4 ...
b = 0, b[l 20 + 35 @) _' (140)
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1. Magnitude of double refraction

To find the double refraction of the flowing liquid, it is necessary first to con-
sider the dependence of the optical anisotropy of a molecule on A. This has
been done by Kuhn and Grun (67), who regarded each statistical chain element
as optically anisotropic with polarizabilities «; and «; along and perpendicular
to its axis (figure 19), and then by considering the whole molecule found its
mean polarizabilities v and v, in directions along the perpendicular to A. For
values of h < L, they give

vE = 3 (e + 204 +5NmAm2 a1 — og
o,
- “I
NPg N h
'R
2 o‘g.

(a) (b)

F1c. 19. (a) Optical polarizability of a statistical chain element represented as an ellip-
soid of revolution with axes o; and as. (b) Chain consisting of N,, statistical elements of
length An. The optical polarizability can be described by an ellipsoid of revolution with
axes vt and yy (equation 141).

and
N 1 &
Yy = '3—(a1+2az) - gm(m - o)
so that
3 h? h?
YE— Y = 3(041 —a) m = 6 ﬁ (141)

in which 6, is written for 3(cy — a2)/5. For larger values of ,

3 h 36 h ¢ 108 h 8
Ye = g = Nmloy — o) [g(m)-l-ﬁ(m) +ﬁ(NmAm) + ]

W. Kuhn, H. Kuhn, and Buchner (77) give values of oy — a3 for the special
cases where each chain element can be considered as an elongated or flattened
ellipsoid of revolution. These values are obtained from equation 91 if «’ and 8’
are taken as o; and ay, respectively.
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The contribution to the polarizability of the whole medium by each molecule
depends not only on the magnitude of & but also on its orientation. The total
contribution of all the molecules is therefore determined by using the distribution
function given by the solution of equation 132, and since polarization is related
directly to refractive index, an expression for the birefringence An may then be
found.

For a liquid of refractive index 7, containing molecules with a large shape
resistance B subjected to any flow gradient, An is given by

2 2
An = n, — ny = i.i_;: (72_;'_2) Nplor — ano T2 [82 -+ Tu2 (142)
where
8 = a’ ﬁfl (0'71-2) . - fz(a"}-li)
YTt ' fe'R)

and 7, and n, are the refractive indices along and perpendicular to the direction
of preferred orientation of the molecular axes; they are the principal refractive
indices of the medium. The functions f,, f;, and f are given by W. Kuhn and H.'
Kuhn as complicated integrals. For small values of B and any gradient,
Si = 24¢’h’ and Ty = 1, whereas for any value of B and small gradients,
Si? + T,® = 1. These results are shown graphically in figure 20, where the vari-
ation of [y] with G is also given.
The specific Maxwell constant [M],, is given by

dr (n? + 2\ a1 — s My Na Z
My = 3 (——?mo ) ———“—kT E 1—02 ]E Amb? (143)
4.7r n02+22a1—a2 ‘
=% (T) T (144)
! S t
v/ e —-SLB8
An F, [
<y
/
/.~ (b) Eq. 140 (b
Y/
GRADIENT 6 GRADIENT G

Fre. 20. Variation of birefringence, An, and intrinsic viscosity, [5], with gradient for
(a) vanishing shape resistance (soft molecule) and (b) large shape resistance (rigid mole-
cule).
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2. Value of extinction angle (x)

The number (dN') of particles, having arbitrary values of h, which are orien-
tated at an angle between ¢ and ¢ + do¢ is given, for arbitrary values of G and
B, by

dN = []2& fz(h)]f1(¢) d¢ = F(¢) do
T V=0

The function F(¢) and hence dV has a maximum value for a value ¢,, of ¢ given
by —cos 2¢, = 8;/T,. At any instant most of the particles are orientated at
this angle and in this direction the maximum amount of uncoiling occurs, giving
rise to maximum polarizability of the medium. Thus (90, — ¢) is the extinction
angle x, whence

S
—cot 2¢,, = cot 2x = tan (5 - 2x> 711 (145)
so that
1
X = E - é tan™! S1/T1 (146)
W. Kuhn and H. Kuhn evaluate S, and T} to get
tan 2 (Z - x) = cot 2x = B z o'hE (147)

where 8 = 3 for stiff (large B) and 8 = 1 for soft (small B) molecules. These
results are illustrated in figure 21.

Thus
2
|:c°t 2"] PR PR (148)
ﬂoG S,

Further, if the parameters (w) and [w] be introduced where

(@) = j{ - x and [ = [(@)/n Gle=0
c»0

E N
3]

, _%F'?oNAG

2.
3¢ 48k T

w
n
1

(a)
()

EXTINCTION
ANGLEX
N
(%,]
|

n
T

{ !
o] 1.0 20
2413
Fre. 21. Variation of x with gradient for (a) vanishing shape resistance (soft molecule)
and (b) large shape resistance (rigid molecule).
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then using equation 138,

cot 2 2x/4 — x) M
G = = 2w] = il
[ %G ]M [ e ]Gag lw) = 6 X 10t 2l (149)

Equations 138 and 148 hold for all degrees of immobilization of the solvent
in the chain molecule provided a suitable value for A,, is used. Although attempts
have been made to calculate A, theoretically, notably by Debye and Bueche
(29) and by Kirkwood and Riseman (59, 60), an empirical relationship was de-
rived by W. Kuhn and H. Kuhn by means of experiments on macroscopic models
(73, 74, 75). These were made from wire of length L bent into N, circular seg-
ments of length B,, it being considered that these were preferable to the original
N, straight segments of length A.,. At first (73, 74, 75) it was found that
N, = 0.78N,, and B, = A,/0.789, which gave for a partially draining coil of
thickness dj '

A=l = —=0.05 + 0.12logio (Am/ds) + 0.037(Zb/Am)1" (150)

Later (79, 80) these relationships were regarded as erroneous and replaced by

N, = 1.532N,, and B, = A,,/1.532; whence

Ml = —0.08 + 0.1210go (Am/dn) + 0.052(Zb/An)1/2 (151)

which takes the values 0.052(Zb/A,)"? and —0.03 + 0.12logy (Am/ds) for
large and small values of Z, i.e., for nondraining and freely draining molecules.
If the value given by equation 151 is substituted in equation 143 the dependency
of [M];, on Z is given; in general for intermediate and very high values of Z,
it is approximately proportional to Z and Z'?, respectively. The linear variation
is borne out by the results of Wissler (163) on methyl cellulose, whereas the
results of Signer and Gross (129) on polystyrene agree roughly to a square-root
variation.

In assessing the value of equation 151 it must be observed that, as obtained
by Kuhn, it applies strictly only for pure constant rotation of the molecule. In
streaming double refraction experiments the conditions are somewhat different
and equation 151 can at best be regarded only as an approximation. However,
equations 144 and 149, which do not contain \,, are more reliable and should
hold irrespective of whether the molecules are freely draining, nondraining, or
partially draining.

In discussing their theory for the elastic dumbbell model W. Kuhn and H.
Kuhn (73, 74, 75) regard equations 143 and 148, with the value of A, given by
equation 151, as being essentially true for the three-dimensional case, and when
allowance is made for the lateral dimensions of the coil; they consider only small
changes in the numerical factors are involved. The final expressions given (79,
80) are, with the usual notation,

o = 043 Na Z An% (152)
T T (=16 + 23 log (Am/ds) + Np?) 10° M, sm
247 (1 + 2\ 1 — o
3 -_— —_—— —_—— 1
(Ml.p 43 ( 31, ) kT ) (153)

cot 2x 40 ) M
l oY 2X l = = — — 1
7.G |60 Al = 8 43 10 RT bo (154)

>0
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From equation 154, the quantity

ax
T (— GG’) G0

>0

which henceforth will be written as T tan (xG),, is given by
20 M
T tan (xG), = 8 o 10 7 [l (138)

and since a variation of 4, from small to large values is equivalent to the vari-
ation of B from large to small values, a graph of 7 tan (xG), against 5, should
take the form shown in figure 22 (curve 4). Cerf (22), when discussing this
theory, states that a different method of calculation gives the equation

T tan (xG)o = 0.45 X 1021;3—1 Inlno -+ 0.04 g Anb (156)

which leads to a different curve.

Kuhn, Katchalsky, and Kunzle have attempted to treat the effects of electric
charges on flexible molecules (54, 55, 66, 78), and W. Kuhn and H. Kuhn have
considered branched molecules (72). It is found that coiled-chain molecules
whose chains contain a large number of ionizable groups undergo a change of
shape when any of the groups acquire electric charges. This change is caused
by the electrostatic repulsive field which brings about some uncoiling of the

m
(2)] Cerf
(3

X

- TN
<BG>G—->0
C —»0

SOLVENT VISCOSITY Vo

Fic. 22. Variation of T(—~ 6x/8@) g=0 with solvent viscosity for different theories at very
C-»

small concentration. Curve (1), elastic sphere model, &, = 0, equations 189, 192; Rouse
model, equation 196. Curve (2), elastic sphere model, 8, = 0.1, equation 187. Curve (3),
elastic sphere model, §, = 0.2, equation 187. Curve (4), elastic dumbbell model: the curve
lies between the dotted lines which are the curves given by equation 155 for stiff and soft
molecules. Curve (5), rigid particle (Cerf, equations 190 and 197; Kuhn, equation 192,
Zimm, equation 202).
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F1e. 23. Ratio of chain lengths of charged and uncharged molecules as a function of
charge (Kuhn (54)).

molecule and leads to a mean square end-to-end distance k.2 and average chain
length A, different from %2 and A .. It is then considered that, in such cases, any
equations in which 22 and A, oceur still hold if these quantities are replaced by
k2 and A., respectively. An expression for the ratio A./A.,, which also equals
hZ/R2, as a function of (3r)%%’/(2R2)*kTe, is given by Kuhn, where » is the
number of groups ionized, ¢ is the charge on each group, and e, k, and T have
their usual meanings; it is shown graphically in figure 23.

An additional effect of the charges is to change (@ — «2), which may decrease
as » increases (e.g., in aqueous solutions of polymethacrylic acid) and even
change sign from positive to negative (e.g., polyacrylic acid).

The work of Signer (130) and of Yang, Foster, and Stacy (134, 164) on
branched molecules indicates that such molecules have a smaller optical ani-
sotropy and smaller dimensions than unbranched ones of the same molecular
weight and degree of polymerization Z. W. Kuhn and H. Kuhn (72) define the
degree of branching by the expression { = Z/z, in which z is the number of
monomers in a branch, and show that the molecule behaves as an unbranched
molecule composed of chain elements of length A, which, provided ¢ 2 3, is
related to A., by the equation

_A_b)slz_ 2In(¢+1)/2 43 + 63 Iy
An) ¢ln?2 04¢ T4+

This relationship is shown graphically in figure 24.

In a review paper Kuhn, Kuhn, and Buchner (77) considered briefly the case
in which the elastic dumbbell model was not entirely satisfactory: namely, for
macromolecules which, at low gradients, may behave as a spherelike cluster
(121) of radius r,. The model in this case was taken to be two dumbbells in the
form of a cross, and the material of the molecule assumed to have an internal
viscosity coefficient 5,. Because of this viscosity the molecule has a “deformation
relaxation time”, r;, defined as the time taken to change its deformation from
any value dV to dV /e, where ¢ is the base of logarithms. 7z = (29; + 61,)/Y,
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F1g. 24. Ratio of chain lengths of branched and unbranched molecules as a function of
the degree of branching (Kuhn (72)).

where Y is the coeflicient of elasticity of the material. This value compared with
the time

;1 8y, 16

"= DT k1

which the sphere takes to rotate through 90° due to thermal agitation determined
the ultimate behavior of the particle in flow. For 7; 3> r, it was orientated, and
for 7, >> 74 it was deformed. In dealing with the latter case Kuhn first gave an
expression for the strain double refraction exhibited by an elastic material con-
sisting of a number of statistical elements immersed in a medium of refractive
index n, and viscosity », and subjected to a force X.

Thus

2r n,,2+2 2041—042
T

where a1, as, k, and T have their usual meanings and nj and n, are the refractive
indices parallel and perpendicular to the force. For a sphere, X was given as
29,F; for a solution containing N, spheres per cubic centimeter each of volume
V, the birefringence An was given as

an = (n) — n )NV

For a chain molecule considered as a nondraining sphere V = O.41(A,,.Zb)3/ 2,
so that finally

Ml = — 041 — ~— (4,,b)%2 157
31,

4z n,,2+2 2041—04; NA VAL
5 kT 102 M,

The problem was treated in greater detail by Cerf (see Section VII,K).
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E. THEORY OF PETERLIN

Peterlin (99, 102) introduced the effects of hydrodynamic interaction be-
tween the chain elements and of their volume into the theory of W. Kuhn and
H. Kuhn for a partially draining coil. It was first assumed that each statistical
element could be replaced by a sphere of radius a for the purpose of calculating
the hydrodynamic resistance and the chain was then regarded as (N, — 1)
small dumbbells instead of one large one. Assuming next that the second virial
coefficient B is a measure of the volume occupied by the segments and their
interaction, Peterlin deduced that 22 = A,’N,'™, where ¢ is a function of B
and only becomes appreciable for large values of Z. Then

Ao Ny Z g Nao Z N,0t39/2 m

= a4z A+ A4 2 e 2218 2
b el + ONaam 10e 3 AR T o T M ¢ " (158)
An dr (1.2 + 2\ s — a3
oG = 5 ( ™ ) T W1 + fnkn. (@)} (159)

In these equations ¢ = 2.3a/4,, the quantity A, is the frictional resistance of
each element, and for infinitely dilute solutions and low gradients the function
f([n]m.G) is zero. The extinction angle x is given by equation 149, so that both
[M],, and cot 2x are proportional to Z°¢ ™97 op P+

As the concentration increases equations 149 and 159 no longer hold and the
viscosity n of the solution, defined by » = , + ¢[4]%., becomes dependent on G.
This departure is due to interactive forces between the molecules, and Peterlin
suggests that these forces can be allowed for by treating the molecules in the
same manner as in a very dilute solution, but by making the shearing stress
orientating the molecules 7*G instead of 5,G, where »* is an effective viscosity.
The latter is defined by ¢ = 7, + ¢[n]n*, where 54 is the viscosity of the solution
at the prevailing gradient. This point of view would seem to exclude very concen-
trated solutions and natural melts. Then for moderately concentrated solutions
(order of grams per 100 cc.)

An 4r (1l 2\ ou — o ng —~ 7 :
= 5( o ) oT (na—flo)G{l-f-f( p G)} (160)

RT cot 2x = 8 (”—‘-’c;’i) MG X 10* = 8 X 10°MGlnly* (161)

A graph of An against (9¢ — %,)G, when the function f is zero, or of
An/(ne — 7,)G against (n¢ — 1,)G/c, when f is finite, should give coincident
curves (straight lines) for all concentrations. Discrepancies may occur, however,
owing to the fact that the anisotropy of the internal field may change with
concentration and produce a shift in the An curve. Similarly, a single curve
should result if x is plotted against (n¢ — 7.)G/c, although since x is very much
influenced by polydispersity the system must be accurately monodisperse.
Peterlin uses the results of Schmidli (108, 125) for nitrocellulose and of Tsvetkov,
Frisman, Petrova, and Poddubnyi (141, 143, 151, 152) for polystyrene and
polyisobutylene to test the theory and finds a satisfactory agreement.
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F. THEORY OF HERMANS

Hermans (45) presented a theory for three-dimensional motion identical in
concept with the two-dimensional theory of W. Kuhn and H. Kuhn. It was
limited to small gradients and freely draining molecules and gave entirely similar
results. Thus,

-t 2 Im 162
bl = 3 10t 31, ot 62)
87 (n?+2\2cu —as N Z Ad
My = — —_—= 163
(M. 15( 316 ) KT 100 M, sut 163
3 72 2
cot 2x _2A2 2" 10M) (164)
%G leno BsukT RT

0

Comparison with equations 138, 143, and 149, when A, equals 37/2 and 4 ,, = s.b,
shows differences only in the numerical factors. Hermans discusses this and
concludes that no decision can be made as to which values are preferable, be-
cause neither theory has considered the effect of hydrodynamic interaction be-
tween the chain elements. A method of introducing this was indicated in a
paper on sedimentation velocities (46).

Snellman (132), in discussing the Kuhn-Hermans theory, considers the optical
treatment to be incorrect and states, without proof, that the term (n, + 2)*/9
in equations 143 and 163 must be replaced by the volume of the chain element
and that (e — ) is given by

N | mu? — 3mat + no? + (ma ma/n0)*
4r 7% + ma?

(al - aZ) =

where m; and m; are the principal refractive indices of the Kuhn chain element.
The extinction angle is given by equation 164 but with the numerical factor 14
instead of 24.

G. THEORY OF STUART AND PETERLIN

A theory which was similar to the Kuhn-Hermans theory was suggested by
Peterlin (98) and extended later in collaboration with Stuart (136). Only the
two-dimensional case for small gradients was considered and the anisotropy of
the internal field was neglected. The molecules were taken to consist of & number
of rigid chain elements joined randomly together to form a rigid entity. The
expressions derived for [M],, and [w] are

n,,2+22a1—a2>\,, ZAm21
My = o 2 8m 165
(M. 3"( B ) kT 48 10% sp V, (165)
2
o] = 2 Npdnt = o At (166)

16kT ™ T 16kT snt

where \, and V, are the frictional coefficient and volume, respectively, of a chain
element, and the remaining quantities are as previously defined.
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H. THEORY OF KRAMERS

Kramers (56) gave a more detailed theory than Hermans but based it on
similar principles. The methods of Riemannian geometry were used and only
freely draining molecules considered. The model chosen to represent the molecule
resembled a pearl necklace and consisted of N, spherical particles of equal mass
with every two successive particles connected by links which were assumed to be
rigid rods of length 4, and of zero mass. The hydrodynamic force which a
liquid exerts on each particle was taken to be A, where v is the particle velocity
relative to the liquid and X, is a frictional constant. Karmers considered that
either the two links which meet in a particle are completely free to rotate with
respect to one another, i.e., they are analogous to the statistical chain elements
of Kuhn, or that the valency angle between two successive links is fixed with and
without the possibility of free rotation. In both cases he investigated the statisti-
cal behavior of the individual links when in a flowing liquid and then deduced
the behavior of the whole model. For this purpose it was assumed that the equa-
tions of motion are those of a molecule in a liquid at rest subjected to a field of
force possessing potential energy and the molecular distribution was found by
application of Boltzmann’s law. An attempt was made to take into account the
interaction between two links, but this consideration was incomplete in that a
link was considered only to be affected by the two neighboring links.

In treating the optical behavior an expression was deduced for the polarization
tensor p per molecule, which was then related to the dielectric constant e in any
direction in the liquid by the expression ¢ = ¢ + 47N,p, where ¢, is the di-
electric constant of the solvent. Kramers gave p as a symmetrical matrix with
elements p;;, in which for a molecule possessing a large number of links

Pu=pn=7ps=Nna

= Py = 0
and b= B (167)
L o MoARNSG _  5iGh
Pu = 180kT " BkT

The quantities ¢ and b are optical anisotropy factors for the molecule, d7 is the
contribution per molecule to the viscosity, G, k, and T have their usual meanings,
and C is a numerical factor, which for a molecule whose links possess free rotation
is almost unity and with partially free rotation may be as high as 3. No final
expressions for the double refraction of the solution or the extinction angle x
were given.

1. THEORIES OF COPI0 AND OF TSVETKOV

In these theories it is suggested that flow double refraction is a result of the
eigen anisotropy of the undeformed molecule, its asymmetrical shape, and the
anisotropy resulting from deformation.

Copié (27) appears to use the model of Kramers and the hydrodynamic con-
siderations of Hermans. In treating the optical behavior he pays particular
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attention to the influence of the internal field on the optical anisotropy of the
solution and finally (28, 103) replaces equation 141 by

h? h
Ve =0 (168)

~

where 6; and 6; are the intrinsic and form anisotropies of the particles. These

are defined by n.n? — n
o = § ( ). 9 oM 21 u :
= 5 ol o)y Uy 41rpN YRR n? + 2n,?

in which » and p are the refractive index and density of the solute molecule and
the other symbols have their usual meanings. Then, for soft molecules, x is
given by equation 164 and the birefringence by

B0 e € [0.866; + :(1 + B[] (169)
cn,,n,,G
where
dr (n,2 + 2\¢ 1 M
C = ?( i, ) o and B—ﬁ[ﬂ]noG

For stiff molecules equation 169 holds but with the term £ omitted. x is
given by
cot, 2x
7.G

7 M
3 [(6: + 0.6365)/(6; + 0.7365)] 27 Mo (170)

Tsvetkov (139-153) takes as his model for the molecule in solution an ellip-
soid of revolution completely entrapping the solvent; it has a volume V, a
density p, and an axial ratio ai/a;. The double refraction for small values of G
is considered to be due to orientation effects but deformation effects quickly
enter as G increases. It is assumed that the treatment of Peterlin and Stuart is
applicable and that An is given by equation 94 but with V(g — ¢.) taken to be
Y¢ — Yn Where

N + 2 h_g2 n? — n? \* M?
TN E 01( 3 ) 3 + (41rn,,pNA) 14 Lo = Ly a7

In equation 171 L, and L, are shape factors (figure 11), A2 is the mean square
distance between the ends of the undeformed chain molecule, and &2 is the value
of k2 when the molecule is deformed. If, for small values of G, no deformation is
present, then A2 = h?, so that [M],, is found from equation 95b to be

27bN s (n,,z +2 (Ly — L)bM (n,,2 - n,ﬂ)?

Ml = 5250, DU\ 7 1207, TDVp™Na \ ot

2
) (o — o) +

= 2 [k + )] A7)

where [7]. and [n]; are due to the eigen anisotropy and form anisotropy, respec-
tively. Tsvetkov assumes that D = RT/4Mn.[4], so that

M), _ 011 no2+2)2 b(Le — Ly) (n? — not\: M
b kT( ) @ T )T (173)
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The value for x when G is small is obtained from equation 89 and is given by

(/4 = %) 1 C
["’T ]M = D = T2wT e

where C is the resistance to rotation of the molecule. Tsvetkov states that this
should remain constant as @ increases, but if this is not so then deformation
must oceur. Then (139, 141, 143, 151, 152),

tan 2x = tan 2x, + 64T/GC (175)

where x, is the limiting value of x (#0) as G approaches infinity.

One immediate deduction from this theory is that the variation of [n]; with
n, is parabolic, which has been shown experimentally (140), and it is possible
for [n]. to increase with G more quickly than [n];.

J. THEORY OF KIRKWOOD

Kirkwood and Riseman (59) criticized the theory of Kramers on the grounds
that the hydrodynamic interactions of the monomer units were not considered
sufficiently and each particle was supposed to offer the same resistance to solvent
flow that it would offer if the other particles were not present to perturb the
flow in its neighborhood. They attempted to formulate a theory for viscosity and
to give expressions for the rotary diffusion constants (60) in which these defects
were remedied. The model used consisted of an array of N,, identical structural
units attached to a flexible framework. Their final equations for the intrinsic
viscosity, [7], and diffusion constant, D, of dilute solutions were expressed in
terms of two parameters b and A" which could be evaluated. Thus

~ Nab? l’ 6 a1 1
= 3600, 37, Z _(wﬁ) 2wl xo(Z/k)lfﬁ] - 1
Na kT
" 400M 7, [n) )

in which macromolecule concentrations are in grams per 100 cc., b is the effective
hydrodynamic distance between chain elements, A’ is the friction constant
associated with the chain elements, and

Ao = )\’[(67!‘3) 1 l2n0b]—1

The other symbols have their usual meanings. An approximate form of equation
176 has also been given by Peterlin (100). Extensions to the theory were made
by Kirkwood (57), who derived a generalized diffusion equation for partially
draining macromolecules in flow and later (58) indicated its application to the
birefringence problem. Expressions for the elements of the polarizability tensor
were given, but not in a form which enabled usable expressions for An and x to
be deduced.

Schoenberg, Riseman, and Eirich (127) used some of the results of Kirkwood’s
work in treating their experimental data on flow double refraction. They as-
sumed that the molecule behaved as a rigid particle and used an empirical
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equation to give x: namely, tan 2x = mD/G, where m is a number and D is
given by equation 177. Thus,

cot 2x _ _ :4_ £
|: ]6_)0 = 2] = - 102 BT ) (178)

7. G

G0

Values of m have to be determined from a knowledge of molecular weight values
obtained by another method, e.g., osmosis; its value is about 2.

K. THEORY OF CERF (8—24)

Cerf first treated the double refraction effects arising from a suspension of
spherical deformable particles and then dealt with the case when the particles
were chain molecules.

1. Spherical particles

A monodisperse, dilute solution was considered, using as a model an elastic
sphere of radius 50 to 500 A. which was assumed to be homogeneous and iso-
tropic with regard to its elastic properties. Initially the sphere was regarded as
impermeable, but later (17, 19) it was decided that the results held good for
permeable spheres.

The effect of the flow is to change the spheres into ellipsoids with their elasticity
attempting to restore the spherical shape. Cerf assumed that both deformation
and restoration of shape are opposed by the internal viscosity 5, of the material
of the particle, as suggested by Haller, and that superimposed is the effect of
thermal agitation, which manifests itself by causing fluctuations in particle
shape. Under these combined influences the deformed ellipsoids assume a state of
kinematic equilibrium with their major axesinclined to the streamlines at a finite
angle.

In developing the theory, Cerf introduces the quantities 7, and 74, which are
the times required to establish the orientation of the molecule supposed rigid,
and the lifetime of the ellipsoidal configuration, respectively; they differ from
the quantities 7o and 7 used by Kuhn. Cerf takes 7, as 1/6D, where D is the
rotary diffusion constant of the ellipsoid and gives (18) s as 2.5 (4, + 0.44,)/Y,
where Y is the coefficient of elasticity. In general, for any value of the ratio
14/ 7o both orientation and deformation occur. The spheres, initially of radius a,
are supposed to become ellipsoids having axes 2a;, 2a;, and 2a;, where
a; = a(l 4+ 8), a2 = a, and a; = a(l — 8). The ellipsoids execute a precessional
motion, their angular velocity for two-dimensional flow being given by (19)

¢ ed 15 o
rrial |:1 + cos 2¢ (b i Ya)] (179)
and their change in deformation with time by
% _ _Llf; 5nG,
Pyl (6 1y Sin 2¢> (180)

In these equations b = (a® — ai’)/(a® + a®) = 25, and ¢ is as shown in
figure 3(a). The change 96/t is zero when ¢ = w/4 and the value, 8, of 8 is
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then 57,G/4Y. The distribution function, F, of the major axes is found from the
differential equation,

8F . oF .
8,V2F + 474D w-l— 4F(1 4+ Grg 8 sin 2¢ + 2 6_6 (6 — & sin 2¢)

- zg [Gra + cos 20(2G5 + 8,/8)] = 0 (181)

the solution to which is given as

2 28 cos 2¢0(Gd,2ra + 81)
F = — (818,02 1
i T otra(l + 4D7) (182)
where
— kT
! B o=
52 = § WY (183)

The quantity 3, is regarded as the measure of the fluctuations in shape due to
thermal agitation; V is the particle volume.

In calculating the optical effects it is assumed that the directions of the principal
refractive indices coincide with the principal axes of the deformation ellipsoid.
Finally, using Boeder’s method of treatment, for small gradients, Cerf gets

G 1i7

2_Td+‘l'.

_ __1__ . — 7o \? (‘ﬂo/"h') + 4602/5

[M]ap N Y |:50¢ +2 ( 7t ) ][(ﬂo/ﬂi) + 4602/3] (185)
where 7, is the refractive index of the solvent; « characterizes the anisotropy
acquired by the sphere when deformed and is given by 2(n, — n2) ¥ /574G, in
which n; and n; are the principal refractive indices of the material of the sphere

and 7 its mean index.
By equation 184,

(184)

X =

PN

1 1 1
S R 1
2 tan (xGe 74 + To (186)

or in terms of %,, 7;, and Y,
dn
1 B Ul +3n060 [7I$+2-5770]Z
2 tan (x@), (i + 25m)  m

If 7, > 7z and 8, < 0.1, the effect is mainly one of deformation and equations
186 and 187 give

(187)

Td

3 (188)

1.25
tan (x@), = ¥ (no -+ 04n) =

whence
T tan (XG)O = B"Io + C (189)
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in which B and € are constants. The Maxwell constant is given by equation 185
with the term in the second bracket set equal to unity.

If 70 < 74, the effect is one of orientation of a rigid particle, whence by equa-
tion 186,

T
T tan (x@)y = — = ——= = constant X 7, 190
An expression for [M],, is not in this case given by Cerf.

Equations similar to equations 186 and 188 were derived by Kuhn, Kuhn, and
Buchner (77) for elastic spheres; they are

1 1 1
=6~ + — 191
2 tan (x@), 6 ('rg + 4_1'd> (191)
2 n To
tan (x@), = 7 (710 =+ 3) ; tan (x@), = T (192)
(deformation) (orientation)

2. Chain molecules

In considering the effect of chain molecules, Cerf emphasizes that selection of
a model is complicated, since among other things, the molecular configurations
have not a center of symmetry or an axis of revolution and the molecule may
possess varying degrees of permeability. Initially Cerf used an ellipsoidal molecule
and attempted to extend the theory of Peterlin and Stuart. Later he considered
the dumbbell model of W. Kuhn and H. Kuhn, but ecould not reconcile this model
with the case when the chain molecule behaves as a spherelike cluster. Finally,
Cerf considered that chain molecules may be treated by taking the mean volume
V', which is oceupied by the most probable configuration of the chains, and re-
garding it as being limited by a spherical surface. The sphere was taken as being
made up of the material of the chain but swollen with solvent. The value of x is
given by equation 184, but [M],,, as given by equation 185, has to be modified
to take into account the influence of the solvent on the mean refractive index 7.
Cerf does this by replacing 7 by n* where Vn* = n — (1 — V)n,. Here it
should be mentioned that many statements on Cerf’s theory in the paper by
Cerf and Scheraga (13) have been superseded by later work.

To explain why, with chain molecules, the limiting value of x, as G increases,
does not appear always to approach zero, Cerf (15, 16) developed Haller’s
idea that, for deformable particles, the optical ellipsoid may not coincide with
the deformation ellipsoid. He assumed that each molecule acquires a static and
a dynami¢ anistropy. The former, caused by deformation due to the external
flow gradient of value G, gives a static birefringence An, and would, if it existed
alone, give values of x which decrease from 45° to zero as @ increases. The dy-
namic anisotropy arises because of the velocity of deformation or existence of an
internal flow gradient G’ of value 29,G/ (2%, + 7:). Under the influence of this
gradient the molecule, which is regarded as behaving as a pure liquid, gives a
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dynamic birefringence Ang and an extinction angle of 45°. The resultant bire-
fringence An, and extinetion angle x, are given by

An? = Ang? + Angt = (cPG)? (193)

1 A
X = étan‘l( nd) (194)

AN,

where An, = ¢P,G and Ang = cPyG'. Elimination of An, gives the limiting value
xo of the extinetion angle, i.e.,

P,¢

PG (195)

1.,
x,,=és1n1

In these equations, c is the volume concentration, and P;, Py, and P are con-
stants. According to Cerf, values of the ratio Ps/P and of 5, can be obtained
from experimental observations, and hence x, may be found.

The theories of W. Kuhn and H. Kuhn for the elastic dumbbell and of Cerf for
the elastic sphere may be compared briefly (10, 11, 19, 122). For small gradients,
according to Kuhn, the birefringence is due to the orientation of a molecular
cluster, nonsymmetrical in shape and optically anisotropie, whereas Cerf thinks
the birefringence to be a result of deformation. Thus equations 143 and 185
show that, for small gradients, a graph of An against G will take the same general
form for both theories, but according to equations 155, 189, and 190 graphs of
T tan (xG), against n, show considerable differences (figure 22). The two
theories, therefore, agree at least qualitatively in the behavior of An but differ
in their predictions with regard to x. The elastic sphere theory is, however,
restricted to spherelike clusters, provided their fluctuations in shape are small.

Cerf in 1955 (20, 23) modified his theory for chain molecules by using a model
suggested by Rouse (117), in which the molecule is subdivided into N, sub-
chains each just of sufficient length A,, so that at equilibrium the separation of
the molecule ends obeys a Gaussian probability distribution. The configuration of
a molecule is described by a set of N, vectors, each of which specifies the con-
figuration of a subchain and corresponds to its end-to-end separation. The
frictional forces which arise in flow are localized at the junctions between two
chains. Cerf takes the molecule as free draining and neglects the fluctuations in
shape due to thermal agitation. Into this model he introduces an internal vis-
cosity defined (21) by the equation ® = 5,(vs — vs), where v, and vs are the
velocities of the ends A and B of a subchain and ® is the force at B (or A)
opposing the motion of A (or B). This concept of #; is analogous to the shape
resistance of W. Kuhn and H. Kuhn. The theory did not agree with the experi-
mental results of Leray (83) and Copi¢ (26). A modification was made (23) by
associating a coefficient of internal friction to each of the principal modes of
motion of the chain molecule, instead of using a single coefficient so that »; is
only a constant for a series of homologous polymers. The final deductions (24),
which then agree with the work of Leray and the later results of Copié, are as
follows:
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If %, > 7 deformation occurs and, in the absence of hydrodynamic inter-
active forces between different subchains,
M 0.0062

T tan (xGe = 0.2 7 Inlge + PRkl h?

(196)

in which A2 is the mean square of the distance between the ends of the molecule.
When hydrodynamic interactions are strong, the figures 0.2 and 0.0062 are re-
placed by 0.09 and 0.0045, respectively. Equation 196 has the same form as
equation 189.

If 5 < 75 the effect is one of orientation and then for negligible hydrody-
namical forces

T tan (x&), = 09 %{[ fnlno (197)

which may be compared with equation 190. For strong forces 0.9 is replaced by
0.705. The specific Maxwell constant, with and without interactions, is given by
equation 153, but with the factor 24x/43 replaced by 4=/5.

L. THEORY OF ZIMM

Zimm (169) used the method of Kirkwood and Riseman to account for hydro-
dynamic interactions in chain molecules but, like Cerf, used a model similar to
that suggested by Rouse. In a very complete mathematical study a generalized
diffusion equation was deduced, giving the distribution function F of the mole-
cules. This equation has the same form as the equation of Kirkwood (58). By a
suitable mathematical transformation an exact solution was obtained and then
expressions for the intrinsic viscosity, x, and An were deduced. The final general
expressions are

Na A2, Nm 1

= — 198
b 6Mn, k=1M (198)
Nm Nm
Gtan 2x = X ( > nﬁ) (199)
E=1 -
No A2 1 12
= o - tan® 2 2
An = TGy URT (1 + ; tan x) (200)

where II is an optical factor, ), is a frictional constant as introduced by Kramers,
A, is the mean of the squares of the lengths of the subchains, \; is a parameter
which takes different values according to the degree of “draining” of the mole-
cule, 7 is the relaxation time of the configuration of the k* chain, and the other
symbols are as before.

If it is assumed that N, is very large, then

- -7 ) (201)
so that
() e (202)
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where, for free-draining molecules,
) = NAN#EM/%MW

and o = 2.5, and for nondraining molecules
[1] = 04TNA¥N,Apt/M and o = 4.88

Zimm, like Kirkwood, has disregarded molecular interactions so that the
results are applicable only to dilute solutions and, unlike the treatment of Cerf,
the effect of internal viscosities has been neglected.

M. THEORY OF LODGE

Lodge (84) gives a theory for polymer solutions which have concentrations
of the order of 0.1 per cent to a few per cent and which are subjected to small
flow gradients. Particular attention is given therefore to the effects of molecular
interactions. Unlike Peterlin (102), who assumed that equations derived from
a dilute solution theory could be used by replacing the solvent viscosity co-
efficient by a larger “effective” viscosity, Lodge assumed that the chain molecules
were entangled with each other, forming a loose network structure extending
throughout the solution. Not all the chain molecules need be joined to the
structure at a given instant. The structure is essentially the model used for the
statistical theory of rubberlike elasticity (35, 154). Green and Tobolsky (42)
extended this last-mentioned theory for application to solid polymers to allow,
during deformation, for the breaking and re-forming of the network chains, and
Lodge uses their extension to calculate the optical effects exhibited by a polymer
solution in flow. He considers that the molecular interactions between the
molecules are sufficiently localized and long-lived to be treated as junctions in a
deforming network and that the stress, apart from an additive isotropic com-
ponent, arises entirely from entropy changes consequent upon the deformation
of the network. Some parts of the network will be older than others and will be
more deformed. It is further considered that a network element of given age
gives its own contribution to the total stress, independent of the rest of the net-
work, of an amount given by the statistical theory of rubberlike elasticity. The
total stress is the sum of these contributions. The birefringence is assumed to be
due to orientation by network deformation of optically anisotropic chain links.
Hydrodynamic flow forces are neglected, as are contributions from orientation
of free chains by solvent flow and from solvent and form double refraction.

According to the statistical theory for a solid deformed at a constant tem-
perature T,

8xy  Ox;
a=1 gx—a’— 5;‘:—

8;5 — 88y = 2F, kT (i,j =12 3) (203)

where s;; are the components of the stress tensor; s is the isotropic stress com-
ponent; &;; = 1, 0 according as %,  are equal or unequal; F, is the concentration
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of junctions; 2 is a numerical factor such that 2F, is the concentration of chain
segments in the network (usually z = 2); z;, z; denote the rectangular Cartesian
codrdinates of the positions occupied by a particle in the strained and unstrained
configurations, respectively. It is then assumed that the network chains, formed
by the solution which joined the network in a previous time interval (¢, ¢ 4 dt’')
and are still joined at the current time ¢, make a stress contribution as if they
formed a network chain of a rubberlike solid in which the unstrained and strained
configurations are identified with the configurations of the solution at times ¢’
and ¢, respectively. Then equation 203 may be applied to find the stress tensor
with F, replaced by the number of effective junction points in unit volume which
exist in the solution at time ¢ and were formed in the interval (¢, ¢’ 4+ d¢’). The
dissociation of junctions is envisaged as being due only to the thermal motion
of solvent and solute molecules, i.e., the flow gradient G is taken to be so low
that it has no effect in lowering the mean lifetime of junction points. With these
assumptions F, is taken to be a function of junction age ({ — '), temperature
T, and polymer concentration c; it is called the ‘“junction age distribution
function” and is given by F, = F(t — ', T, ¢).
The total stress contributed by the solution network is now

t 3
oz
siim, 1) — s(z, )8 = szf Ft—1t,T,0 Y E—’, d¢’

¢/ =00 a=1 «

= zkTZ (204)

where z is an abbreviation for z; (1 = 1, 2, 3), ., ; are nOw interpreted as the
codordinates of the positions occupied at times ¢, i’ by a particle of the “solution
continuum”’, and Z designates the integral.

In calculating the streaming double refraction, Lodge extends the theory of
Treloar (155), which is itself a more general treatment of that given by Kuhn
and Grun (67), to allow for the creation and dissociation of junctions during
deformation. Following the same argument as above, the total optical polariza-
bility of the flowing polymer is given by

pis(e, 1) — p(z, D8 = 3or — az)2Z (205)

where p,; are the components of the polarizability tensor, p is the isotropic
polarizability component, and «; and «, are the principal polarizabilities of a
chain. Thus from equations 204 and 205

(al - a?)

E
5 kT

Pij — P = (8¢5 — 88¢7) ~ (206)

For laminar flow at a gradient G with the flow and the gradient in the direction
of the z; and z, axes, respectively,
z = 2} + Gzh(t — ¢, Ty = 25, 73 = x4 (207)

Then, assuming that the Lorentz—Lorenz relationship between polarizability
and refractive index is applicable, the tensor components of stress, polariza-
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bility, and refractive index, referred to the chosen coérdinate system, are
obtained from equations 206 and 207; thus

S11 — S = Pu — Pn - i —~ N 9
o o i 2Fo(T, c)@ (208)
812 — 833 P22 — Dss Nog — MNg3
i =0 (209)
8
2o Pn_ M F(T, 0@ (210)

S23 = Sz = Pag = Ps1 = Ny = Ny = 0
where

a4+ 2
3n

1 2 ‘
C= 3 (on — a); Cp = 2«1%( ) C; Fs(T, ¢) f Fit =, T, )t —tede’ (3=1,2)
t

 B—
and 7 is the mean refractive index of the solution.

The tensor components in terms of the principal values and principal di-
rections of the refractive index tensor enable the difference in principal values,
An, and the orientation, x, for the section by the z,z; plane of the refractive
index ellipsoid to be found. Thus

2F'1 2821
tan 2y = — = 212
1 X GFz 811 — S22 ( )
and
an @+ 2 V2
— = 2 - 2 4 4py? 21
- 1f|: ™ ] |:(P11 P22)* + 4pu ] (213)

Since, by definition the viscosity of the solution n = 8x/G or 2kTF,, equation
213 becomes

2CnG F, G\ |12
n = T [1 + (2F1> ] (214)
so that
A_n_41r 242 Pa1 — o
Pl |: i ] T 7@ cosec 2x (215)

The quantities An and x are the flow birefringence and the extinction angle
for light rays normal to the a1z, plane. When the birefringence of the solvent is
negligible and a correction is made for the effect of solvent viscosity »,, equation
215 may be rewritten as

An sin 2x dr | @2+ 2 2l — o)
a5 [ 37 } kT

(7] - ﬂo)G (216)

which means that the curves of An sin 2y plotted against G(» — #,) should
coincide for all concentrations.
Equation 206 shows that the polarizability (and refractive index) ellipsoid
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at a point has the same orientation as the stress ellipsoid and that differences
in the principal values of polarizability Ap (and refractive index An) are propor-
tional to the corresponding differences of principal values of stress As; the ellip-
soids are not in general similar in shape. Thus by equation 208

apC, an G, 2r 1 [ R? 4+ 2\?
(o — o)

AsC ~as kT 5 KT\ 3@

(217)

The quantity An/As is the “stress optical coefficient.”

In connection with the value of x, Lodge deduces that if the relaxation of stress
following a sudden cessation of flow can be described in terms of a single ex-
ponential function of time, ¢~*" say, then x will remain constant. In this case
tF, = Fy = F,/27, s0 that from equation 212, tan 2x = (Gr)™". If the relaxation
shows a different behavior with time, then x will decrease.

Examination of the theory indicates that the assumptions are such as to
limit its application to solutions of long flexible molecules with strong mutual
interactions, concentrated enough to possess a network structure, yet not so
concentrated that the mean length between successive junctions is too small for
the Gaussian approximation, assumed in the statistical theory of rubberlike
solids, to be valid. Moreover, the concentration must be low enough for a chain
on leaving the network to be able to retract fully before joining the network
again. The gradient G must be small compared to the reciprocal of period 7, or
the macroconstellation changing time 7’ of Kuhn, to ensure that the network
deformation can be treated as a quasi-static process. The fact that » is inde-
pendent of G is explained by this limitation of G.

VIII. CoNcLUSIONS

The following comments may be made on the theories given in this review.

A. LIQUIDS

The theory of Raman and Krishnan is subject to two major criticisms. Firstly,
although streaming double refraction is analogous to electric and magnetic
double refraction, the behavior of the molecules is different. Thus in electric
and magnetic fields the molecules try to reach a position of minimum potential
energy, whereas in a flow field they rotate irregularly to give a nonuniform time
of stay of the molecular axis in various directions in space. This latter fact,
which is a consequence of thermal agitation, was not considered by Raman
and Krishnan, for they considered the thermal agitation to affect only the degree
of orientation. Secondly, the theory contains an assumption which does not
allow it more than a limited application. The Boltzmann distribution function
holds only for an undisturbed statistical equilibrium which is not fulfilled when
the molecules are subject to flow unless the flow is such as to cause only an
infinitesimally small disturbance of the equilibrium. This will be so for small
gradients with large molecules and high gradients with small molecules. For these
cases the theory predicts the observed value of 45° for x and the correct order of
magnitude for An; for other cases any agreement would appear fortuitous.
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The theory of Peterlin and Stuart appears more promising but as yet little is
known concerning the extent of, or the energy relationships involved in, the
“near-order” conditions. Also, the polarizability of the individual molecules is
dependent on the type and arrangement of the neighboring molecules and this
dependency is insufficiently known.

B. DILUTE SOLUTIONS OF RIGID PARTICLES

Kuhn, Haller, and Boeder correctly recognize that the particle orientation is
kinematic, but their theories suffer from an inadequate treatment of the motion
of the particles in flow. Further, in developing the optical considerations an
isotropic internal field due to the incident light vector is wrongly assumed.
Sadron’s attempt to remedy this by applying the Lorentz consideration to an
ellipsoid-shaped volume of dimensions equal to that of the particle is difficult
to justify. The theory of Bjornstahl and Snellman, which is an extension of that
of Peterlin and Stuart, appears rigorous and complete.

C. SOLUTIONS OF FLEXIBLE PARTICLES

For chain particles, where frictional forces on chain segments which have
dimensions of the same order as solvent molecules have to be considered, troubles
arise in the application of the hydrodynamical equations of continuous media.
This fact, coupled with the difficulty of choosing a suitable model, means that
such theories as those of Kuhn and Hermans can only lead to approximate
solutions. Also in Kuhn'’s theory, for example, it is assumed that a molecule in
flow retains on the average its rotation symmetry about the line joining its end
points, but there is no basis for this assumption, because in reality the flow
stream acts on all the fiber elements in the chain. Further, it is not rigorously
shown that the forces tending to restore the molecular shape remain unchanged
in the flow field. Neither Kuhn, Hermans, nor Peterlin has considered the ani-
sotropy of the internal field or the effect of the solvent on the optical anisotropy,
and only Kuhn has dealt with the possible effects of branched molecules. The
necklace model of Kramers is possibly a better model than the elastic dumbbell,
but the attempt by Kramers to introduce chain interaction is incomplete in that
only the effects of two neighboring links are taken into account. The solution of
the hydrodynamic problem by Zimm appears exact. Since the only approxi-
mation used in the mathematics is the use of the Kirkwood—Riseman interaction
tensor, any deficiency in this theory must be due either to (a) the inadequacy
of the Kirkwood-Riseman approximation, (b) the incorrect assumption of a
perfect Gaussian distribution function for the individual chain segments, or
{¢) a defect in the model. With regard to (a) the results are only applicable
to dilute solutions, and the model is defective in that there is no -provision for
the internal viscosity or stiffness of the molecule.

The theories of Copié and Tsvetkov, despite the simplicity of the models
employed and the approximations used, enable many results which cannot be
reconciled with theories based on equation 141 to be explained. Thus for a sub-
stance for which the form and intrinsic anisotropics 6; and 6, are positive and
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negative, respectively, An may, according to equation 169, change its sign from
positive to negative as G increases. This is particularly so if n — n, is small, as
for polystyrene in dioxane (148). Furthermore, since 6, is proportional to the
square of n — n,, & parabolic curve of An against n, with a minimum at n — n,
is understandable (119, 129, 141, 143, 151, 152). Although both theories give
almost identical results at small gradients, probably because then a randomly
coiled linear macromolecule has the form of a not too elongated ellipsoid, the
model of Copi¢ is more realistic and appears better for high gradients, since the
form factor changes in the way imagined. Tsvetskov requires the axial ratio of
the ellipsoid to alter to produce the necessary change in form factor.

The elastic sphere theory of Cerf predicts that An should rise linearly with G
and does not account for departures from this. It is, however, limited to small
gradients. The restriction of small fluctuations in shape (8, < 0.2) implies that
the deformability must be small and that the molecular weights must be large
(ca. 2 X 10° for polystyrene), although it may apply for lower values if 7, is
not too small. The parameters ¥ and #;, which characterize the sphere, have
only a phenomenological value in describing the properties of a chain molecule
and it is difficult to see how they may be interpreted in terms of molecular
structure, Cerf’s theory, using the Rouse model, predicts the same behavior
for x as that with the spherical model and gives the same results for An as Kuhn’s
theory using the elastic dumbbell. The model is more realistic than that of the
sphere and the parameters have more significance.

D. CONCENTRATED SOLUTIONS OF MACROMOLECULES

Peterlin’s theory can at best be expected to give only a rough agreement with
experiment. One major reason for this is that it infers that the shape of the
coiled molecule in a concentrated solution does not differ essentially from the
shape of the molecule in a very dilute solution where no interaction occurs. This
is unlikely. Lodge’s theory, if correct, would mean that the basic assumption of
stress double refraction in solids, i.e., the proportionality of An and the difference
of the principal stresses (equation 217), is equally valid for streaming double
refraction in macromolecular solutions. Allowance should be made, however, for
the possible contributions from form double refraction. For a comparison with
experiment, data are needed at velocity gradients low enough for the viscosity
to be constant and in a concentration range in which the stress relaxation periods
are substantially independent of concentration. Unfortunately the experiments
of Philippoff (111, 112) do not entirely satisfy these conditions, although they
indicate that the graph of An sin 2x against G(9 — #,) is linear as Lodge’s theory
suggests.

The author wishes to express his thanks to Professor Charles Sadron of the
University of Strasbourg for several helpful discussions, to Professor A. M.
Taylor of the University of Southampton for suggestions and for reading parts
of the manuscript, and to Miss M. Bullock for her typing of the completed article.
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IX. APPENDICES

APPENDIX 1. ROTARY DIFFUSION CONSTANTS

Elongated (prolate) ellipsoid of revolution (Perrin (96)):
Rotation of a, axis about a; or a; (r > 1)

kT r2 27 — 1
N 2~ 1)1/2} —
7 V 4(rt = 1) |:7‘(7‘2 -1 In {r + (» 1z} 1]

k
%7‘; f1(7‘)

Ifr>»1,
3kT

¢167ma3[21n2r—1]
o W1

D

Flattened (oblate) ellipsoid of revolution (Perrin (96)):
Rotation of a; axis about ap (r < 1)

k 2 1 -2 1~ 2
T r { ", _1( r?) +1}

D= 17,,—1—7 41 — ) (1 — rR)u2 T
kT
= v Salr)
Ifrgl,
3kT
D= 321, az
Cylindrical rod (a; >> as) : rotation about transverse axis (Burgers (7)):
3T
D = P {In 2r — 0.8]

Coil (Kuhn (80):

9kT bZ \\? Am
= | —() 0562 { — .1 —
D ﬂoAmaNm2[ 0.08 + 0.05 (Am> + 0 2ln(dh>]

The notation is as in Section II. Alternative forms for ellipsoids are given by
Gans (39); they give numerical values almost identical with those of Perrin.

APPENDIX 2. SHAPE FACTORS FOR ELLIPSOIDS OF REVOLUTION (116)

Elongated ellipsoids (r > 1):
47 4
m=§u—%;h=§u+o=a

3r r 4 (r2 — 12

1
= - 244 -
! 4(r2 — 1) [% + (rt ~ 12 n r - (12 = DU

where
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Alternatively,

—_— e
L1=4.1r(1 e)[l 1+e

o — In

% l_e—l];L|+2L2=41r

Forr>1,

L1 = 4—71:'2111 (27‘ —_ 1); Lz = 2
Flattened ellipsoids (r < 1):

4 4
L= U =20; L=~ 0+ =L

where
- o }_ - |:(1 _3:«2)1’2 - _rrﬁ)lﬂ S 2]
Alternatively,
L1=4—:|:1— wsin‘le]; Ly + 2L; = 4r
e €
Forr « 1,

Ly = dr — 2¢%(1 — e))V2; Ly = %1 —e?)12
In these expressions, ¢ = (a° — a)"*/ay, r = a1/as. The field shape factors
L; and L, are also given by the above equations, but with I and ¢ replaced by

values Iy and e, respectively, which depend on particle shape and concentra-
tion. In Sadron’s notation ¢; = —2land ¢, = I

APPENDIX 3. LIMITING EQUATIONS FOR THE DISTRIBUTION FUNCTION (SOLUTION
OF EQUATION 66 wite |b| < 1)

(a) ¢ < 6.

be| 3sin?g
=14 =
F=l+3 |56+

7) - 21
+ (3) [m {(9 costd — 18 cos? 6 + E)

15 sint 6
. N ; o8
+ (o — 60) cos 4¢ — 160 sin 4¢) (o? + 100)}]

(6 sin 2¢ — o cos 2¢)]

(b) ¢ £ 1.5
2
F = 1+%onsin2 g sin 2¢ + (%) |:sin4 6(1 — cos 4¢) — % (gsin2 8 cos 2¢ + 1)]

Maximum when 8 = 90° and ¢ 2 45°; minimum when 6 = 90° and ¢ > 135°
(¢) o —>0:

b
Fop=1+4 Za sin? ¢ sin 2¢

Maximum at § = 90°, ¢ = 45°; minimum at § = 90°, ¢ = 135°

I
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(d) ¢ > «:

Fooo =1 — g b cos 2¢ sin? ¢

3 1
+ b2 |:§ (15 cost 9 — 30 cos2 9 + 7) + %cos 4¢ sint 0]

cos 2¢ sin? ¢
- B [—;’205—— (105 cost & — 450 cos? § + 201) - 2—icos 66 sin o]

In this case a maximum occurs at § = 90°, ¢ < 90°.
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